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=
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N I B −→ν = (ν1, . . . , νn)T _ I HO D SD FG HM @ L LJ l @ G AD M HM M Z HS A K BO BV V =(
Cov(Ri, Rj)

)n
i,j=1

_ C @A SD W@ G HM @ SD @ WD U FO \ E@ U LJ l M BO D ED L Ri V

±

h] e ` HS C \ O @  O ó G @ [� H\ O P@

cw |� | v~ t w xd � s 5 � 7e� / S 8 � s � xt �

K

f∞
K

ρ(x)dx = K P

g

S(T ) > K

h

= K P

i

lnS(T )−m
σ
√
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√
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√
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√
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√
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√
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√
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C HC B LA Z HFA @ M GD T W B L@ KT m E BS F @ S @ M L@ S(T ) − ϕ[τ,T ]] jO B I HM @ [A BOT L HV Z H K HS C \ O B , ¬] ® ¬ - W B L@ F (τ)

KT m E BS F @ M L@ E@OT LJ U C HC B LA

τ S @ M L@
F (τ) = e−r(T−τ) M(S(T )− ϕ[τ,T ]) =

= e−r(T−τ) MS(T )− ϕ[τ,T ]e
−r(T−τ).R H K HS C \ O B , ¬] ® ¬ - C @A BC @AD E BFG H B HcD I @ LD B FO \ E@ U L H U M BO D ED LJ

S(T ) S @ M L H S(τ)er(T−τ)V Z Hó A HC \

F (τ) = S(τ) − ϕ[τ,T ]e
−r(T−τ).¤ @ G G @ G M L@ E@OT LJ U C HC B LA W B L@ KT m E BS F @ S @ M L@ L\ O mVD P Z H [O \ E B L L HN H S @ M B LFA M @ FO B I\ BA V EA H ϕ[τ,T ] = S(τ)er(T−τ) R HO \ E B L L@ YK HS C \ O @ F HM Z@ I @ BA F , ¬] ¬ -]²* 2 * � �� ! )� � 0� ³ ;�´ 1� )� ��

` HS C \ O @  O ó G @ [� H\ O P@ , ¬] ® i -

c(t) = S(t)Φ(d1)−Ke−r(T−t)Φ(d2),

h®
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SD FG HMJ U Z HS A K BOT ] ¡ L F HFA HD A D P −1 B ID LD WJ ZS HD P M HI L H U X\ C @ NDD ∂f/∂S @ G AD M @] ¤ @ GD C H XS @ P HC V MO @ I BO B Wó A HN H Z HS A K BO Y ZS HI @ BAL@ 1 I HO O @ S ZS HD P M HI L\ m X\ C @ N\ D Z HG \ Z@ BA @ G WD D L@ F\ C C \ ∂f/∂S]¤ HN I @ W B L@ Π Z HS A K BO Y S @ M L@

Π = −f +
∂f

∂S
S.

, h] e -

k P C B L B LD Y W B LJ Z HS A K BO Y P@ M S BC Y ∆t S @ M L H

∆Π = −∆f +
∂f

∂S
∆S.

, h] ¬ -

R HI FA @ MO Y Y , e] e -D , h] ® - M , h] ¬ - V Z HO \ ED C V EA H

∆Π =

(
−∂f
∂t
− 1

2

∂2f

∂S2
σ2S2

)
∆t.

, h] h -

¤ @ G G @ G Z HFA S H B L LJ U Z HS A K BOT X B P SD FG HMJ UD @ S XD A S @ c L@ S J LG BHA F\ A FA M\ BA V A H W B L@ Π Z HS A K BO YD P C B L Y BA F YG @ G W B L@ O m X H U X B P [SD FG HM H U W B L L H U X\ C @ ND Z H K HS C \ O B

∆Π = rΠ∆t.jA HD C HFAT Π I @ L@ M K HS C \ O B , h] e -] ¤ HN I @D P , h] h -

(
−∂f
∂t
− 1

2

∂2f

∂S2
σ2S2

)
∆t = −r

(
f − ∂f

∂S
S

)
∆t.

kA @ G V \ FA @ L HMO B L HV EA H W B L@ ZS HD P M HOT L HN H ZS HD P M HI L HN H KD L@ LF H [M HN HD LFA S\ C B LA @ \ I HMO BA M HS Y BA \ S @ M L B LD m

∂f

∂t
+ rS

∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2
= rf.

, h] g -

¦ S @ M L B LD B , h] g - L@ PJ M @ mA \ S @ M L B LD BC  O ó G @ [� H\ O P@]T y s 9 u� s xw z� 6 Iw | � � s � t xt ~ x 7e� µ 8~ 3 x xw L x zy |t x It | x 3t |1 x zw� | � xq x2t ~ v� ¶ }~ t zw� xt t | zw M � xq xt ~ � L� } xw ~ 3 xw M 3 x zw | 6 x z5 ~ |� � x } x5 ~ w M I x 3�� s � t s 4 �t yH ~ � f � � ~ t = T~ 5 v L u{ S� c |9 3 |1t | } | L~ w M z� x }~ t zw� xt t |2zw ~ � xq xt ~ � � � s � t xt ~ � 7e� µ 8~ ~ t u 3~ z� | z | Ls 3~ 6 |}t s y |� � s z z 3s w � ~ � s 2x 3 | 3 � � ~ 5 |1 xt ~ ~ y |�H ~ |t s 3 x zw x zw� xt t | 9 s } s � s w M ~ 3 xt t | Uw | � z5 |� ~ x�n FD O \ H ZS B I BO B LD YG HO O H Z WD H L@ BN H W B L@ \ I HMO BA M HS Y BA \ FO H [MD m

f(S(T ), T ) = max{S(T )−K, 0}, , h] ± -

@ W B L@ Z\ A H Z WD H L@ _

f(S(T ), T ) = max{K − S(T ), 0}, , h] i -

hf

R SD C BS J

jO \ E@ U LJ B M BO D ED LJ (RA−MRA)2D (RB−MRB)2 M I @ L L HC FO \ E@ BYMO Y mA F YG H LFA @ LA @ CD 0.052D 0.152 F H HA M BA FA M B L L H] R Hó A HC \
σ2
A = M(RA −MRA)2 = 0.0025, σ2

B = 0.0225.k PA @ XO D WJ I M\ C BS L HN H S @ F ZS B I BO B LD Y MD I L HV EA H FO \ E@ U L@ Y M BO D [ED L@ RARB ZSD LD C @ BA P L@ E B LD Y 0D 0.03 F M BS H YA L HFAT m 0.5G @ c I H B]jO B I HM @A BOT L HV M(RARB) = 0.015V Cov(RA, RB) = M(RARB) −
MRA MRB = 0.0075] aD FG Z HS A K BO Y Z H K HS C \ O B ,®] i - S @ M B L 0.1]§¨ R© ì¨ å < j S B ID Z HS A K BO B UV G HA HS J B F HFA H YA D P I M\ l SD FG HM @ L [LJ l @ G AD M HM A(0.1, 0.1)D B(0.2, 0.3)D X B P SD FG HM HN H @ G AD M @ F (0, 0.09)VL@ U ID A B Z HS A K BOT VD C B mqD U L@D C B LT oD U SD FG ZSD HcD I @ BC H U I H [l HI L HFAD r∗ = 0.15] ¢ Hó K KD WD B LA G HS S BO Y WD D ρAB = 0.5]ª¬ ¬®¯ ¬±° ¶ @ I @ E@ L@l Hc I B LD Y Z HS A K BO Y F CD LD C @OT LJ C SD FG HC σZSD P@ I @ L L H U I Hl HI L HFAD r∗ P@ ZD FJ M @ BA F Y M MD I B

σ2 =

2∑

i,j=1

νjνjρijσiσj −→ min

ν0 +
2∑

i=1

νiri = r∗.

¥ î B S Bo B LD B MJ ED FO Y BA F Y Z H K HS C \ O B ,®] ¬ -] ¢ HM @ SD @ WD Y Cov(A,B) =

ρABσAσB = 0.01] ?@A SD W@ G HM @ SD @ WD U

V =

(
1 0.01

0.01 1

)] ¡ XS @A L@ Y

C @A SD W@ V −1 = 1
detV

(
1 −0.01

−0.01 1

)V N I B detV = 0.9999] p@O B BV

−→r − r0
−→
I = (0.01, 0, 21)TD

V −1(−→r − r0
−→
I ) = 1

0.9999

(
0.0089
0.2009

)]jO B I HM @A BOT L HV

(−→r − r0
−→
I )TV −1(−→r − r0

−→
I ) = 1

0.9999 (0.01, 0.21) ·
(

0.0089
0.2009

)
= 0.042]

¤ HN I @ −→ν = (0.0127, 0.2861)]§¨ R© ì¨ æ < ª@ SD F\ UA BG SD MJ B X B P S @ PO D ED YD LM BFA HS @ VD C B mq BN HK\ LG WD m Z HO B P L HFAD U(σ, r) = 0.6r − r2 − σ2]ª¬ ¬®¯ ¬±°¦ S @ M L B LD B U(σ, r) = C = Ë ¿À Á ½ H ZS B I BO Y BA HG S\ c L HFAD

−(r − 0.3)2 − σ2 = C − 0.09] ¢ SD MJ B X B P S @ PO D ED YD LM BFA HS @ _ I\ ND
°
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HG S\ c L HFA B UVD P H XS @ c î B L LJ B L@ SD F\ LG B e ß] jA S BO G @ L@ SD F\ LG B Z H [G @ PJ M @ BA L@ ZS @ MO B LD BV M G HA HS HC M H P S @ FA @ BA K\ LG WD Y Z HO B P L HFAD ]§¨ R© ì¨ è < ª@ S J LG B W B L LJ l X\ C @ N F\ q BFA M\ mA A HOT G H I M @ @ G AD M @

A(0.1, 0.1)D B(0.2, 0.3)] ¢ Hó K KD WD B LA G HS S BO Y WD D D l I Hl HI L HFA B U

ρAB = 0.5] ª@ U ID A B H ZAD C @OT LJ U Z HS A K BOT I O YD LM BFA HS @ V K\ LG [WD Y Z HO B P L HFAD G HA HS HN H S @ M L@ U(σ, r) = 0.6r − r2 − σ2]ª¬ ¬®¯ ¬±° j HNO @ F L H ,®] ® -D ,®] e - V I H Z\ FAD C J B Z HS A K BO D Π = tA+(1−
t)BD C B mA HcD I @ BC \ m I Hl HI L HFAT

rΠ = trA + (1− t)rB = 0.3− 0.2t

D SD FG

σΠ =
√
t2σ2

A + (1− t)2σ2
B + 2t(1− t)0.5σAσB =

=
√

0.03t2 − 0.06t+ 0.04.

¡ ZAD C @OT LJ U Z HS A K BOT Π∗ L@l HID A F Y M A H EG BG @ F @ LD YO D LD D \ S HM [L Y K\ LG WD D U(σ, r)D C L Hc BFA M @ I H Z\ FAD C J l Z HS A K BO B U] ¡ cD I @ [BC \ m I Hl HI L HFAT rΠ

C Hc L H S @ F F C @A SD M @AT G @ G K\ LG WD m HA SD FG @

σΠ V P@ I @ L L\ m Z@ S @ C BA SD E BFGD ] ¤ HN I @ G @ F @A BOT L@ YG C L Hc BFA M\ I H [Z\ FAD C J l Z HS A K BO B U M A H EG B Π = tA+ (1− t)BD C B BA L@ G O H L

k =
drΠ

dσΠ
=
drΠ

dt
:
dσΠ

dt
=

2σ

0.3− 0.3t
.

£D LD D \ S HM L Y K\ LG WD D U(σ, r) = 0.6r − r2 − σ2 H ZS B I BO Y mA F YF H HA L Ho B LD BC −(r − 0.3)2 − σ2 = C − 0.09] �A H XJ L@ UAD L@ G O H L

dr/dσG @ F @A BOT L H UG O D LD D \ S HM L YV ZS HID K K BS B L WD S\ BC Z H EO B L L HZ H σ Z HO \ E B L L H B F H HA L Ho B LD BQ

2(r − 0.3)
dr

dσ
+ 2σ = 0.

¶ L@ ED A V dr/dσ = σ/(0.3 − r)] R SD S @ M LD M @ Y MJ ED FO B L LJ U L@ G O H LGZ HO \ E B L L HC \ S @ L B B L@ G O H L\ kG @ F @A BOT L H UG C L Hc BFA M\ I H Z\ FAD C J lZ HS A K BO B UVD C B BC

σ

0.3− r =
2σ

0.3− 0.3t
.

® f

§ h] ?¡ p¥ £�   £ �¢ � [� ¡ ¦ £¶ �

W B LA L@ Y FA @ M G @ r Z HFA H Y L L@ V L@ ED FO Y BA F Y L B ZS BS J M L HD S @ M L@ 7%N HI HMJ l]â è < R S HM BST A BV EA H ED FO @ p′D q′ V H ZS B I BO î B L LJ B K HS C \ O H U , ¬] ® ® -

\ I HMO BA M HS Y mA F H HA L Ho B LD m p′ + q′ = 1]âã < í B L@ S(t) L BG HA HS HN H @ G AD M @ S @ M L@ M A BG \ qD U C HC B LA M S BC B LD

t S @ M L@ 40V @ BN H M HO @AD OT L HFAT σ = 20% N HI HMJ l] j HFA @ MT A B o B [FAD Z BSD HI L\ m C HI BOT , F ∆t = 1 C BF Y W - W B L H H XS @ P HM @ LD Y H Z WD H L HMD MJ ED FO D A BA BG \ q \ m W B L\ o BFAD C BF Y E L HN H H Z WD H L@ Z\ A L@ S @ F [F C @A SD M @ BC J U @ G AD M] í B L@D F Z HO L B LD Y H Z WD H L@ K = 41V Z HFA H Y L L@ YZS H W B LA L@ Y FA @ M G @ rV L@ ED FO Y BC @ Y L B ZS BS J M L HV S @ M L@ 9% N HI HMJ l]âä ∗ <   @ LG ZS B I O @ N @ BA FO B I\ mqD U ZS HD P M HI LJ U KD L@ LF HMJ UD LFA S\ [C B LA] k LM BFA HS M G O @ IJ M @ BA I B LT ND M X@ LG M I HO O @ S @l D O D S\ XO YlZ HI r% N HI HMJ l V L@ ED FO Y BC J l L B ZS BS J M L H] n @O mA \ V M G HA HS H Ul S @ [L YA F Y I B LT ND ,D Z HG HA HS H U L@ ED FO Y BA F Y ZS H W B LA L@ Y FA @ M G @ - V H ZS B I B [O Y BA D LM BFA HS M C HC B LA Z HO \ E B LD Y I B L BN] R\ FAT V L@ ZSD C BS V A BG \ qD U

G \ S FQ $1 = 30 S\ XO B UV @ M C HC B LA Z HO \ E B LD Y I B L BN _ $1 = 29 S\ XO B U]¤ HN I @D LM BFA HS Z HA S B X\ BA V EA H XJ M G O @ I F ED A @O F Y S\ XO î BMJ C] nJ ED F [O D A B F ZS @ M B I O D M\ m ZS H W B LA L\ m FA @ M G \ r] R HFA H Y L L@ Y I HO O @ S HM @ YZS H W B LA L@ Y FA @ M G @ V L@ ED F Y BC @ Y L B ZS BS J M L HV S @ M L@ r1 V @ S\ XO î BM @ Y _

r2] R S B I Z HO HcD A BV EA H X@ LG HM FG H B H X Y P@A BOT FA M H Z H I HO O @ S\ YMO Y [BA F Y X B P SD FG HMJ C @ G AD M HC V W B L@ S\ XO Y M I HO O @ S @l C B L Y BA F Y M F H [HA M BA FA MD D F n [ Z BSD HI L H U XD L HCD @OT L H U C HI BOT mV @ M HO @AD OT L HFATS\ XO Y HA L HFD A BOT L H I HO O @ S @ S @ M L@ σ]

§ ·	 ¸^û¹ ÿ ý º ý »ü �¼ ½^û � ý � �

nó A HC S @ P I BO B ZS B I Z HO @ N @ BA F Y MJ Z HO L B L LJ CD ZS B I Z HO Hc B LD Y C H [I BO D W B L H H XS @ P HM @ LD Y @ G AD M HM] nD PO Hc B LD D D F Z HOT P\ mA F Y K HS C \ [O J , e] e -D , e] ± -]R\ FAT S(t) W B L@ L BG HA HS HN H X@ P HM HN H @ G AD M @ M C HC B LA M S BC B LD tV

f(S(t), t) _ W B L@ ZS HD P M HI L HN H KD L@ LF HM HN HD LFA S\ C B LA @ V HF L HM @ L [L HN H L@ó A HC @ G AD M BV @ w(t) _ MD L BS HM FGD U ZS H W BF F] ¤ HN I @ Z HO BC C BkA H F A H E L HFAT m I H ō(∆t)
∆f = σS

∂f

∂S
∆w +

(
µS

∂f

∂S
+

1

2
σ2S2 ∂

2f

∂s2
+
∂f

∂t

)
∆t.

, h] ® -

¶ @ C BAD C V EA H MD L BS HM FGD U ZS H W BF F ∆w M K HS C \ O @l , e] e -D , h] ® - HID [L@ G HM] R Hó A HC \ G HC XD LD S\ Y H Z WD H LD @ G WD D C Hc L H F HFA @ MD AT X B P [
¬°
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I B L BN V L@ SD F\ UA B N S @ KD G P@ MD FD C HFAD ZSD XJ O D HA G HO O H Z WD H L@ MP@ MD FD C HFAD HA W B LJ S(T ) @ G AD M @ G H I L mD F Z HO L B LD Y T]ï< k LM BFA HS ZS HI @ î BA @ G WD m P@ $30D Z HG \ Z@ BA G HO O L@ ó A \ @ G WD mP@ $3] í B L@D F Z HO L B LD Y H Z WD H L@ $33] n C HC B LA D F Z HO L B LD Y H Z WD H L@D LM BFA HS Z HG \ Z@ BA @ G WD mV O D X HD F Z HO L Y Y H Z WD H LV O D X H L@ S J LG B]¥ FA BFA M B L L HV EA HD LM BFA HS I BO @ BA X HO B B MJ N HI LJ U I O Y F B X Y MJ X HS]R S B L B XS BN @ Y S @ P LD W B U FA HD C HFAD I B L BN M S @ PO D E LJ B C HC B LA J M S B [C B LD V L@ SD F\ UA B N S @ KD G P@ MD FD C HFAD ZSD XJ O D D LM BFA HS @ HA ó A H UH Z BS @ WD D ]ð < ¤ BG \ q @ Y W B L@ @ G AD M @ S @ M L@ 40] R S B I Z HO @ N @ BA F YV EA H C BF Y W F Z\ FA YW B L@ @ G AD M @ C Hc BA XJ AT S @ M L@ 38D O D 42] n S @ C G @l HI L H Z BSD HI L H UC HI BO D W B L H H XS @ P HM @ LD Y H Z WD H L HM MJ ED FO D A BA BG \ q \ m FA HD C HFATC BF Y E L HN H H Z WD H L@ G HO O L@ ó A HA @ G AD M V W B L@D F Z HO L B LD YG HA HS HN HS @ M L@ 41] R S H W B LA L@ Y FA @ M G @ r Z HFA H Y L L@ V L@ ED FO Y BA F Y L B ZS BS J M L HD S @ M L@ 7% N HI HMJ l]ñ < í B L@ S(t) L BG HA HS HN H @ G AD M @ M A BG \ qD U C HC B LA M S BC B LD t S @ M L@

$40V @ BN H M HO @AD OT L HFAT σ = 20% N HI HMJ l] n S @ C G @l HI L H Z BSD HI L H UXD L HCD @OT L H U C HI BO D MJ ED FO D A BA BG \ q \ m W B L\ c(t)A S î Bl C BF Y E L HN HH Z WD H L@ G HO O F W B L H UD F Z HO L B LD Y $42] R S H W B LA L@ Y FA @ M G @ r Z HFA H [Y L L@ V L@ ED FO Y BA F Y L B ZS BS J M L HD S @ M L@ 9% N HI HMJ l]âò < ¤ BG \ q @ Y W B L@ @ G AD M @ S @ M L@ 40] n S @ C G @l HI L H Z BSD HI L H U C HI BO DW B L H H XS @ P HM @ LD Y H Z WD H L HM MJ ED FO D A BA BG \ q \ m FA HD C HFAT C BF Y E L H [N H H Z WD H L@ Z\ A L@ ó A HA @ G AD M V W B L@D F Z HO L B LD YG HA HS HN H S @ M L@ 39]n HO @AD OT L HFAT @ G AD M @ σ S @ M L@ 20% N HI HMJ l] R S H W B LA L@ Y FA @ M G @ rZ HFA H Y L L@ V L@ ED FO Y BA F Y L B ZS BS J M L HD S @ M L@ 7% N HI HMJ l]â â < n HI L H Z BSD HI L H U C HI BO D W B L H H XS @ P HM @ LD Y H Z WD H L HM W B L@ @ G WD DM L@ E@O B Z BSD HI @ S @ M L@ 32V @ M G H L W B Z BSD HI @ _ 30D O D 35] í B L@D F Z HO L B LD Y G HO O H Z WD H L@ F H F S HG HC D F Z HO L B LD Y M G H L W B Z BSD HI @S @ M L@ 34] R SD M B ID A B ZSD C BS X B P SD FG HM HN H Z HS A K BO YV F HFA H Yq BN HD P@ G WD UD G HO O H Z WD H L HM L@ ó A \ @ G WD m]â å < n HI L H Z BSD HI L H U C HI BO D W B L H H XS @ P HM @ LD Y H Z WD H L HM W B L@ @ G WD DM L@ E@O B Z BSD HI @ S @ M L@ 32V @ M G H L W B Z BSD HI @ _ 30D O D 35] í B L@D F [Z HO L B LD Y Z\ A H Z WD H L@ F H F S HG HCD F Z HO L B LD Y M G H L W B Z BSD HI @ S @ M L@
31] R SD M B ID A B ZSD C BS X B P SD FG HM HN H Z HS A K BO YV F HFA H Yq BN HD P @ G WD U

D Z\ A H Z WD H L HM L@ó A \ @ G WD m]â æ < ¤ BG \ q @ Y W B L@ @ G AD M @ S @ M L@ 40V M HO @AD OT L HFAT _ 20% N HI HMJ l] n

S @ C G @l I M\ l Z BSD HI L H U XD L HCD @OT L H U C HI BO D MJ ED FO D A B W B L\ A S î Bl [C BF Y E L HN HG HO O H Z WD H L@ V W B L@D F Z HO L B LD YG HA HS HN H S @ M L@ 41] R S H [

¬ ³

n H ZS HFJ D P@ I @ ED

¤ @ G G @ G D FG HC @ YO D LD Y\ S HM L Y L BA HOT G HD C B BA L@ G O H L kV L HD ZS H [l HID A E BS B PA H EG \ Π∗ V A H r = 0.3 − 0.2t] R HI FA @ MO Y Yó A H MJ S @ c B [LD B I O Y r M ZS B IJ I\ q \ m K HS C \ O \ V Z HO \ ED C V EA H t = 3/7] ¤ HN I @

Π ≈ (0.141, 0.214)]§¨ R© ì¨ ã < R S B I Z HO HcD C V EA H L@ S J LG B W B L LJ l X\ C @ N F\ q BFA M\ BAA HOT G H I M @ @ G AD M @ A1

D A2 V @ S J L H E LJ U Z HS A K BOT T = 0.2A1+0.8A2]k P M BFA L HV EA H Cov(R1, RT ) = 200V Cov(R2, RT ) = 220] ª@ U ID A B SD FGS J L H E L HN H Z HS A K BO Y T]ª¬ ¬®¯ ¬±° ¡ E BMD I L HV σ2
T = Cov(RT , RT ) = Cov(0.2R1 + 0.8R2, RT )]R H F M H UFA M @ C G HM @ SD @ WD D σ2

T = 0.2 Cov(R1, RT ) + 0.8 Cov(R2, RT )]¤ HN I @ SD FG σT

S J L H E L HN H Z HS A K BO Y S @ M B L √216 ≈ 14.7] � '� � ( � � �� " � N �

â < R HS A K BOT F HFA HD A D PA S î Bl @ G AD M HM AV BD C V M P YA J l M S @ M LJ lI HO Yl] ¡ cD I @ BC J B I Hl HI L HFAD S @ M LJ rA = 20%V rB = 10%V rC =
30%] ª@ U ID A B HcD I @ BC \ m I Hl HI L HFAT Z HS A K BO Y]å < j M BS H YA L HFAT m 1/2 I Hl HI L HFAT @ G AD M HM AD B S @ M L@ 0.2D 0 F H HA [M BA FA M B L L HD F M BS H YA L HFAT m 1/2ó AD I Hl HI L HFAD S @ M LJ 0D 0.3] , @ -nJ ED FO D A B HcD I @ BC \ m I Hl HI L HFAT @ G AD M HM AD B], X - j HFA @ MT A BA @ XO D W\ I M\ C BS L HN H S @ F ZS B I BO B LD Y I Hl HI L HFA B U @ G [AD M HM AD B], M - nJ ED FO D A B HcD I @ BC \ m I Hl HI L HFAT D SD FG Z HS A K BO Y Π = 0.5(A+
B)] æ < k LM BFA HS C Hc BA D LM BFAD S HM @AT I B LT ND M @ G AD MJ AD B V HcD I @ B [C @ Y I Hl HI L HFAT D SD FG G HA HS J l \ G @ P@ LJ M A @ XO D W BQ

�G AD MJ ¡ cD I @ BC J B I Hl HI L HFAD aD FGD

A 0.12 0.15
B 0.20 0.45

R HS A K BOT Π = tA+ (1− t)B] , @ - nJ ED FO D A B HcD I @ BC \ m I Hl HI L HFATD SD FG Z HS A K BO B UV F H HA M BA FA M\ mqD l P L@ E B LD YC tV S @ M LJ C 0V 0.1V 0.2V

0.3V 0.4V 0.5V 0.6V 0, 7V 0.8V 0.9V 1] a@ F F C HA SD A BG Hó K KD WD B LA J G HS S B [O Y WD D ρAB V S @ M LJ B −1V −0.5V 0V 0.5V 1], X - ª@ SD F\ UA B L@ HI L HC N S @ KD G B L@ U I B L LJ B 50 Z HS A K BO B U] R S HG HC [C B LAD S\ UA B P@ C B E B L LJ B P@ G H L HC BS L HFAD ], M -¢ @ G H U CD LD C \ C ID F Z BS FD D F S B ID Z HS A K BO B UV F HFA H YqD l D P I M\ lZ HO L HFAT m @ LAD G HS S BO D S\ mqD l @ G AD M HM AD B

@, N -¢ @ G H U CD LD C \ C ID F Z BS FD D F S B ID Z HS A K BO B UV F HFA H YqD l D P I M\ l
® ®
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Z HO L HFAT mG HS S BO D S\ mqD l @ G AD M HM AD B

@, I - n H ZS HF Z\ LG A @ , N - M FO \ E@ BV BFO D I HO Y @ G AD M @ B M Z HS A K BO B ΠC Hc BA XJ AT HA SD W@A BOT L H U ,A H BFAT S @ P S Bo B L@ G HS HA G @ Y ZS HI @ c @@ G AD M @ B -], B - R S B I Z HO HcD C V EA H L@ S J LG B F\ q BFA M\ mA n @ G AD M HM VD C B mqD BHcD I @ BC \ m I Hl HI L HFAT D SD FG A @ GD B c BV G @ G D @ G AD M A] ¢ Hó K KD WD [B LA G HS S BO Y WD D O m X H U Z@ S J @ G AD M HM S @ M B L 0.5] ª@ U ID A B SD FG Z HS A [K BO Y F HFA H Yq BN HD Pó AD l @ G AD M HM] p HO D M F Bl @ G AD M HM M Z HS A K BO BHID L@ G HMJ^]è < k P H XS @ PD A B L@ G H HS ID L@A L H U ZO HFG HFAD (σ, r)

, SD FG V HcD I @ BC @ YI Hl HI L HFAT - C L Hc BFA M H I H Z\ FAD C J l Z HS A K BO B UV F HFA H YqD l D P I M\ lL BG HS S BO D S HM @ L LJ l @ G AD M HM AD B V I O YG HA HS J l HcD I @ BC J B I Hl HI [L HFAD rA

D rB

S @ M LJ 0.1D 0.4V @ SD FG σA

D σB _ 0.2D 0.3 F H HA M BA [FA M B L L H]ã < R HS A K BO D F HFA H YA D P I M\ l @ G AD M HM A1

D A2] ¡ cD I @ BC J B I Hl HI [L HFAD @ G AD M HM S @ M LJ 0.1D 0.2V @ SD FGD _ 0.1D 0.3 F H HA M BA FA M B L [L H] ¢ Hó K KD WD B LA G HS S BO Y WD D @ G AD M HM S @ M B L 0.5] j S B ID I H Z\ FAD C J lZ HS A K BO B U L@ U ID A B Z HS A K BOT ΠVD C B mqD U CD LD C @OT LJ U SD FG] nJ [ED FO D A B SD FG D HcD I @ BC \ m I Hl HI L HFAT Z HS A K BO Y Π]ä < j K HS C \ O D S\ UA B P@ I @ E\ L@l Hc I B LD Y Z HS A K BO Y ¤ H XD L@ _ CD LD CD [PD S HM @AT SD FG ZSD P@ I @ L L H U HcD I @ BC H U I Hl HI L HFAD r∗] R HS A K BOTF HFA HD A D P I M\ l SD FG HM @ L LJ l @ G AD M HM AD B V I O YG HA HS J l rA = 0.2V

rB = 0.3V σA = 0.1V σB = 0, 4V ρAB = 0.5VD X B P SD FG HM HN H @ G AD M @ F VD C B mq BN H HcD I @ BC \ m I Hl HI L HFAT rF = 0.05] a BoD A B F K HS C \ O D S H [M @ L L\ m P@ I @ E\ ZSD r∗ = 0.30] ¡ X� YF LD A BV EA H H P L@ E@ mA Z HO \ E B L LJ BHA SD W@A BOT LJ B I HO D ]ï< R\ FAT HcD I @ BC J B I Hl HI L HFAD @ G AD M HM A1

D A2

S @ M LJ 0.1D 0.2V@D l SD FG 0.1D 0.3 F H HA M BA FA M B L L H] ¢ HM @ SD @ WD Yó AD l @ G AD M HM S @ M [L@ L\ O m] p Hl HI L HFAT X B P SD FG HM HN H @ G AD M @ F S @ M L@ 0.09] j HFA @ MT A BZ HS A K BOT ΠD P @ G AD M HM A1 V A2

D F V A @ G H UV EA H BN H HcD I @ BC @ Y I H [l HI L HFAT S @ M L@ 0.2V @ SD FG CD LD C @O B L]ð < R\ FAT @ G AD MJ AV BD C L@ G H HS ID L@A L H U ZO HFG HFAD (σ, r) P@ I @ [mA F YA H EG @ CD Q

A = (0.1, 0.1)V B = (0.14, 0.20)V C = (0.3, 0.3)]? Hc BA O D ó K K BG AD M L H B C L Hc BFA M H Z HS A K BO B U XJ AT O D L B U L H UG HC [XD L@ WD B UA HOT G H I M\ l @ G AD M HM AD C

@

ñ < ? HN\ A O D G SD MJ B X B P S @ PO D ED YD LM BFA HS @ Z BS BF BG @AT F Y @ ¡ A M BAH X HF L\ UA B]

® e

n H ZS HFJ D P@ I @ ED

A S î Bl C BF Y E L HN H H Z WD H L@ G HO O F W B L H UD F Z HO L B LD Y $41] R S H W B LA L@ YFA @ M G @ r Z HFA H Y L L@ V L@ ED FO Y BA F Y L B ZS BS J M L HD S @ M L@ 7% N HI HMJ l]ª¬ ¬®¯ ¬±° R H K HS C \ O @ C , ¬] ³ - V u = eσ
√

∆t V d = 1/uV N I B σ = 0.2V

∆t = 0.4] ¤ HN I @ u = 1.1348V d = 0.8812] pM @ M H P C Hc LJ l P L@ E B [LD Y W B LJ S(t+ ∆t) @ G AD M @ M C HC B LA M S BC B LD t+ ∆t S @ M LJ S(t)u =
45.3936D S(t)d = 35.2473] í B L@ H Z WD H L@ G HO O M C HC B LA D F Z HO L B [LD Y S @ M L@ max

{
S(t + ∆t) −K, 0

}V A H BFAT H L@ ZSD LD C @ BA P L@ E B LD B

cu = max
{
S(t)u −K, 0

}
= 4.3936D O D cd = max

{
S(t)d −K, 0

}
= 0]j HNO @ F L H , ¬] ³ - V

c = e−r∆t(cup+ cdq),

N I B p =
er∆t − d
u− d , q =

u− er∆t
u− d .

R HI FA @ MO Y Y L@ U I B L LJ B ED FO B L LJ B P L@ E B LD YV Z HO \ ED C Q p = 0.5804V

c = 2.4795]  � '� � ( � � �� " � N �

â < í B L@ P HO HA @ F BN HI L Y _ $500 P@ \ L WD m] í B L@D F Z HO L B LD Y KT m E BS F [L HN HG H LA S @ G A @ F S HG HC L@ N HI S @ M L@ $700] R S H W B LA L@ Y FA @ M G @ S @ M L@

10% N HI HMJ l] R S B I Z HO HcD A BV EA Hl S @ L B LD B P HO HA @ LD E BN H L B FA HD AD \ G @ cD A B @ S XD A S @ c]å < pM\ l C BF Y E L@ Y , L B ZS BS J M L@ Y - ZS H W B LA L@ Y FA @ M G @ M j� �D � M B U [W@ SD D S @ M L@ 8%D 3% N HI HMJ l F H HA M BA FA M B L L H] ¤ BG \ q @ Y W B L@ o M B U [W@ S FG HN H K S @ LG @ S @ M L@ 0.6600V @ W B L@ BN H Z HFA @ M GD Z H I M\ l C BF Y E L H [C \ KT m E BS F\ _ $0.650] ¢ @ GD B Z H YMO Y mA F Y @ S XD A S @ c LJ B M H P C Hc L H [FAD @
æ < p HG @ cD A B K HS C \ O J , ¬] g -D , ¬] ± -]è < í B L@ L BG HA HS H U @ G WD D F BN HI L Y S @ M L@ $100] R S H W B LA L@ Y FA @ M G @, L B ZS BS J M L@ Y - S @ M L@ 8% N HI HMJ l] pD MD ID B L IJ V S @ M LJ B 1% N HI HMJ l VP@ @ G WD m X\ I\ A MJ ZO @ E B LJ E BS B P Z HO N HI @D E BS B P N HI] ª@ UAD W B L\KT m E BS F @ F H F S HG HCD F Z HO L B LD Y 1 N HI]ã < R\ A H Z WD H L L@ L BG HA HS J U X@ P HMJ U @ G AD M F W B L H U S(t)D F Z HO L Y BA F YM C HC B LA M S BC B LD T Z H W B L B K] R HOT P\ YFT HA F\ A FA MD BC @ S XD A S @ c @L@ S J LG BV I HG @ cD A BV EA H W B L@ P (t) Z\ A H Z WD H L@ \ I HMO BA M HS Y BA L BS @ [M B LFA M\

P (t) 6 Ke−r(T−t).ä < k LM BFA HS Z HG \ Z@ BA I M\ l C BF Y E LJ UG HO O H Z WD H L P@ 5 I HO O @ S HM FW B L H UD F Z HO L B LD Y 100 I HO O @ S HM] R S B L B XS BN @ Y FA HD C HFAT ml S @ L B LD Y
¬ i
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§¨ R© ì¨ ä < R S HM BST A BV EA H ZSD H ZS B I BO B LD D uD d

K HS C \ O H U , ¬] ® ± -

ID F Z BS FD Y FO \ E@ U LJ l M BO D ED L ln(S(t+ ∆t))− ln(S(t)) S @ M L@ σ2∆t]ª¬ ¬®¯ ¬±° jO \ E@ U L@ Y M BO D ED L@ S(t+ ∆t) P@ I @ î BA F YA @ XO D W B U

S(t+ ∆t) uS(t) dS(t)
P p q

R H H ZS B I BO B LD m ID F Z BS FD D FO \ E@ U L H U M BO D ED LJ

D(S(t+ ∆t)) = M
(
S(t+ ∆t)2

)
− (MS(t+ ∆t))2 = pu2S2+

+ qd2S2 − (puS + qdS)2 = S(t)2(pu2 + qd2 − p2u2 − q2d2 − 2pqud).

j N S\ Z ZD S\ BC M Z HFO B I L B U K HS C \ O B Z BS M H BD A S BAT BV @ A @ G c B MA HS H BD E BA M î BS A H B FO @ N @ BC J BD M HF Z HOT P\ BC F YA BC V EA H p+ q = 1] ¤ HN I @

D(S(t+ ∆t)) = S(t)2(u2pq + d2pq − 2udpq) = pqS2(u− d)2.

R HI FA @ MO Y Y P L@ E B LD B pD P K HS C \ O J , ¬] ® g - VD C B BC V EA H

D(S(t+ ∆t)) = S(t)2
(
er∆t − e−σ

√
∆t
)(

eσ
√

∆t − er∆t
)
.

a@ FG O @ IJ M @ Yó G F Z H L B LA \ M S Y I ¤ B UO HS @ V Z HO \ ED C V EA H

(
er∆t − e−σ

√
∆t
)

= σ
√

∆t+ (r − σ2)∆t+O
(

(∆t)3/2
)
,

(
eσ
√

∆t − er∆t
)

= σ
√

∆t− (r − σ2)∆t+O
(

(∆t)3/2
)
.

¤ HN I @

D(S(t+ ∆t)) = S(t)2σ2∆t+O(∆t)2.

¡ FA @ î BA F Y P@ C BAD AT V EA H ln S(t+∆t)
S(t) = ln

(
1 + S(t+∆t)−S(t)

S(t)

) F A H E L H [

FAT m I H O((∆t)2
) S @ M B L S(t+ ∆t)/S(t)− 1] ¶ L@ ED A V F A H E L HFAT m I H

O(∆t)2 ID F Z BS FD Y

D
(

ln(S(t+ ∆t)) − lnS(t)
)

= σ2∆t.

§¨ R© ì¨ ï< í B L@ S(t) L BG HA HS HN H @ G AD M @ M A BG \ qD U C HC B LA M S BC B [LD t S @ M L@ $40V @ BN H M HO @AD OT L HFAT σ = 20% N HI HMJ l] n S @ C G @lHI L H Z BSD HI L H U XD L HCD @OT L H U C HI BO D MJ ED FO D A BA BG \ q \ m W B L\ c(t)

¬ ±

n H ZS HFJ D P@ I @ ED

âò < j HNO @ F LJ O D MJ F ZS B I Z HO Hc B LD YCD H L B L@ FJ q @ BC HFAD D L BS @ F [Z HO Hc B L L HFAD G SD FG \ @ R SD I\ C @ UA B FO \ E@ UV ZS HAD M HS B E@ qD Uó AD CZS B I Z HO Hc B LD YC]â â < `\ LG WD Y ZS B I Z H EA B LD UD LM BFA HS @ U(r, σ) = r − r2 − σ2 V N I B

r ∈ [0, 0.4] _ HcD I @ BC @ Y I Hl HI L HFAT V @ σ _ SD FG] ª@ U ID A B H ZAD [C @OT LJ U Z HS A K BOT D LM BFA HS @ V F HFA H YqD UD P I M\ l L BG HS S BO D S HM @ L [LJ l @ G AD M HM AD B V I O YG HA HS J l HcD I @ BC J B I Hl HI L HFAD rA

D rBS @ M LJ 0.1D 0.4V @ SD FGD σA

D σB _ 0.2D 0.3 F H HA M BA FA M B L L H]â å < `\ LG WD Y ZS B I Z H EA B LD UD LM BFA HS @ U(r, σ) = r − r2 − σ2 V N I B r ∈
[0, 0.4] _ HcD I @ BC @ Y I Hl HI L HFAT V @ σ _ SD FG] ª@ U ID A B H ZAD C @OT LJ U

Z HS A K BOT D LM BFA HS @ V F HFA H YqD UD P I M\ l @ G AD M HM AD B V I O YG HA HS J lHcD I @ BC J B I Hl HI L HFAD rA

D rB

S @ M LJ 0.2D 0.3V @ SD FGD σA

D σB _

0.1D 0.2 F H HA M BA FA M B L L H] ¢ Hó K KD WD B LA G HS S BO Y WD D ρAB

I Hl HI L HFA B U@ G AD M HM AD B S @ M B L 0.5]â æ < `\ LG WD Y ZS B I Z H EA B LD UD LM BFA HS @ U(r, σ) = r − r2 − σ2 V N I B r ∈
[0, 0.4] _ HcD I @ BC @ Y I Hl HI L HFAT V @ σ _ SD FG] ª@ U ID A B H ZAD C @OT LJ U

Z HS A K BOT D LM BFA HS @ V F HFA H YqD UD P I M\ l @ G AD M HM AD B V I O YG HA HS J lHcD I @ BC J B I Hl HI L HFAD rA

D rB

S @ M LJ 0.2D 0.4V @ SD FGD σA

D σB _

0.1D 0.3 F H HA M BA FA M B L L H] ¢ Hó K KD WD B LA G HS S BO Y WD D ρAB

I Hl HI L HFA B U@ G AD M HM AD B S @ M B L 1]â è < ª@ S J LG B L@l HI YA F Y M H XS @ q B LD D A HOT G HA SD @ G AD M @Q I M @ SD F [G HM @ L LJ l A1

D A2

D X B P SD FG HMJ U

F] p Hl HIJ Z Hó AD C @ G AD M @ C ZSDMO Hc B LD D V S @ M L HC 0.9V ZSD M B I B LJ M FO B I\ mq B UA @ XO D W Bn BS H YA L HFAT q = 0.6 q = 0.3 q = 0.1
F 1.00 1.00 1.00
A1 1.05 1.20 1.10
A2 1.30 1.00 1.05ª@ ZSD C BS V MO HcD M 0.9 M @ G AD M A1 VD LM BFA HS M G H L B E LJ U C HC B LAM S BC B LD Z HO \ ED A I Hl HI 1.20 F M BS H YA L HFAT m 0.3] ª@ U ID A B I Hl HI L HFAT

rf

X B P SD FG HM HN H @ G AD M @ F V HcD I @ BC J B I Hl HI L HFAD r1

D r2

@ G AD M HM

A1

D A2 VD l SD FGD σ1

D σ2

D G HM @ SD @ WD m Cov(R1, R2) I Hl HI L HFA B U@ G AD M HM A1

D A2]âã < n\ FO HMD D P@ I @ ED ® h L@ ID A BG @ F @A BOT LJ U Z HS A K BOT ]OP 6ê 6Q R ì�< R\ FAT Π = ν1R1 + ν2R2] ¤ HN I @

rΠ = ν1r1 + ν2r2, σ2
Π = ν2

1σ
2
1 + ν2

2σ
2
2 + 2ν1ν2 Cov(R1, R2).

¡ X H P L@ ED C E BS B P s(ν1, ν2) L@ G O H L ZS YC H UV ZS Hl HI Yq B U E BS B PA H EGD

FD Π] R S YC @ Y F F @ C J C X HOT oD C L@ G O H L HC X\ I BA G @ F @A BOT L H UG
® ¬
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G SD M H U I H Z\ FAD C J l Z HS A K BO B U Π = ν1A1 + ν2A2] ª@ G O H L s =
(
rΠ −

rF
)
/σΠ] kA @ G V

ν1r1 + ν2r2 − rF√
ν2

1σ
2
1 + ν2

2σ
2
2 + 2ν1ν2 Cov(R1, R2)

ν1,ν2−→ max,

,®] ³ -

ν1 + ν2 = 1.

,®] ° -

nJ S @ PD CD P ,®] ° -

ν2

D Z HI FA @ MD C M ,®] ³ -] ¤ HN I @ HFA @ L BA F Y L@ UAD C @ G [FD C \ C K\ LG WD D HI L H U Z BS BC B L L H U] pO Yó A HN H L@ U ID A B ZS HD P M HI L\ mó A H U K\ LG WD D D ZSD S @ M L Y UA B B î BG L\ O m]âä < n\ FO HMD D P@ I @ ED ® h L@ ID A Bó K K BG AD M L H B C L Hc BFA M H Z HS A K BO B U]â ï< j K HS C \ O D S\ UA B ZS B I Z HO Hc B LD Y C HI BO D Þ Ü Ê Ì]â ð <   B P SD FG HMJ U @ G AD MD C B BA I Hl HI L HFAT 9%] ¡ cD I @ BC @ Y I Hl HI [L HFAT G @ F @A BOT L HN H Z HS A K BO Y S @ M L@ 0.2V @ BN H SD FG _ 0.18] ª@ SD F\ U [A B S J L H E L\ mO D LD mG @ ZD A @O @]â ñ < ª@ S J LG B W B L LJ l X\ C @ N L@l HI YA F Y M H XS @ q B LD D A HOT G H I M @ SD F [G HM @ L LJ l @ G AD M @ A1(σ1, r1)D A2(σ2, r2)V @ A @ G c B X B P SD FG HMJ U @ G [AD M F = (0, rf )] a@ F F C HS AD C ZS HD P M HOT LJ U Z HS A K BOT ΠV F HFA H YqD U

A HOT G HD P SD FG HM @ L LJ l @ G AD M HM A1

D A2] R HS A K BOT Π YMO Y BA F YG @ [F @A BOT LJ C V BFO D \ N HO L@ G O H L@ ZS YC H U FΠ L@D X HOT oD U F S B ID M F BlI H Z\ FAD C J l Π] ¶ @ ZD oD A B Z HFA @ MO B L L\ m P@ I @ E\ L@l Hc I B LD Y C @ G FD [C \ C @] nJ ZD oD A B K\ LG WD m £@ N S @ L c @ I O Yó A H U P@ I @ ED ] R HO \ ED A B\ FO HMD Y Z BS M HN H Z HS Y I G @ , L B H Xl HID C J B\ FO HMD Y F\ q BFA M HM @ LD Yó G F [A S BC \ C @ -]OP 6ê 6Q R ì�< ¶ @ I @ E@ L@l Hc I B LD Yó G FA S BC \ C @ F K HS C \ O D S HM @ L@ M K HS [C \ O @l ,®] ³ -D ,®] ° -] `\ LG WD Y £@ N S @ L c @Q

L =
ν1r1 + ν2r2 − rf

σT
+ λ(ν1 + ν2 − 1),

N I B σT =
√
ν2

1σ
2
1 + ν2

2σ
2
2 + 2ν1ν2 Cov(R1, R2)] pO Y P@ ZD FD \ FO HMD U

Z BS M HN H Z HS Y I G @ Z H L@ I H XD A F Y MJ ED FO B LD B E@ FA L H U ZS HD P M HI L H U HA

σT

Z H Z BS BC B L L H U ν1]

∂σT
∂ν1

= σ−1
T

(
ν1σ

2
1 + ν2 Cov(R1, R2)

)

¤ HN I @

∂L

∂ν1
=
r1σT − 1

σT

k

ν1σ
2
1 + ν2 Cov(R1, R2)

l

(ν1r1 + ν2r2 − rf )

σ2
T

+ λ.

® h

R SD C BS J

ª¬ ¬®¯ ¬±° a@ F F C HA SD C I M @ Z HS A K BO Y] R BS MJ U F HFA HD A D P HI L HN H H Z [WD H L@ G HO O D L@O D E LJ l I B L BN L@ F\ C C \ Ke−r(T−t)] nA HS H U Z HS A K BOTF HFA HD A D P HI L HN H H Z WD H L@ Z\ A D HI L HN H @ G AD M @] ª@ E@OT LJ B W B LJZ HS A K BO B U S @ M LJ c+Ke−r(T−t)D p+S(t) F H HA M BA FA M B L L H] ¢ H L B E L@ YW B L@ Z BS M HN H Z HS A K BO Y S @ M L@

max{S(T )−K, 0}+K =

{
S(T ), BFO D S(T ) > K

K, BFO D S 6 K .

¢ H L B E L@ Y W B L@ MA HS HN H Z HS A K BO Y S @ M L@
max{K − S(T ), 0}+ S(T ) =

{
S(T ), BFO D S(T ) > K

K, BFO D S(T ) 6 K .

k P S @ M B LFA M @ W B L Z HS A K BO B U M C HC B LA M S BC B LD T ZSD HA F\ A FA MD D@ S XD A S @ c LJ l M H P C Hc L HFA B U FO B I\ BA S @ M B LFA M H W B Ló AD l Z HS A K BO B UM L@ E@OT LJ U C HC B LA M S BC B LD t] ` HS C \ O @ I HG @ P@ L@]§¨ R© ì¨ è <¢ HS Z HS @ WD YG \ ZD O @ P@ 5 I HO O @ S HM G HO O H Z WD H L L@ L BG H [A HS J U @ G AD M F W B L H UD F Z HO L B LD Y K V S @ M L H U 100 I HO O @ S HM VD I L î BCD F [Z HO L B LD Y T V L@ FA \ Z@ mqD C E BS B P I M @ C BF Y W@] k N L HSD S\ Y FA HD C HFATl S @ L B LD Y I B L BN V L@ U ID A B P@ MD FD C HFAT ZSD XJ O D V G HA HS\ m Z HO \ ED AG HS Z HS @ WD YV HA W B LJ S(T ) @ G AD M @ M C HC B LA D F Z HO L B LD Y T]ª¬ ¬®¯ ¬±° ¡ E BMD I L HV EA H H Z WD H L X\ I BA S B@O D P HM @ LV A HOT G H BFO D W B L@@ G AD M @ S(T )

X HOT o B W B LJ Z HFA @ M GD K V S(T ) > 100] R Hó A HC \ VD N L H [SD S\ Y FA HD C HFAT l S @ L B LD Y I B L BN V Z HO \ ED C V EA H ZSD XJ OT HA H Z WD H L@S @ M L@ max
{
S(T )− 100, 0

}
− 5]

90 95 100 105 110

−5

0

5

S
T

Π

¾¿ ÀÂÁ ÃÁ ÄÅ ¿ ÆÇÈÉ ÊËÌ ÊÈ È ÊÍÎ ¿ ÊÏ ÐÁ

ÑÒÓÔ ÕÒ ÖØ× ÙÚÛÜ ÚÛ ÝÞßà áâÜ ßã Ýä Ý 5 åÚã ã ÝÛ ÚæáÚã ã ÚÜ Þß Úç ç Ýç è áÚé ÚÛê ë Ý áé ß æ ì Þ èç Ú ëß ìíÜ Úã ç èç ßà K îÛ Ýæ ç Ú ë

100 åÚã ã ÝÛ Úæ îß åç ï èð ß ìíÜ Úã ç èç ßà T îç Ý ìé âÜ Ýñò ß ðó èÛ èä åæ Ý ð è ìà Þ Ý±ôõÛ è åÜ Úã Ýö Ýà îó é ÚÜ Û Ú Þ èç é ç Ýà ìé Ýæ á ÝÜ Ú ìé Úà ç íç Ýß Û Ýæ ç Ý 8% ö Ú åÚæê ÷ îç Ý ë åß é è ä Ýæ ß ìß ð Ú ìéøÜ Û ß ùê ã ß î áÚé ÚÛ â ñÜ Úã âó ß é áÚÛÜ ÚÛ ÝÞßà î Úé Þ èíçê S(T ) Ý áé ß æ Ýæ ð Ú ð èç é ß ìÜ Úã ç èç ßà T ôúûü ûýþ û±ÿ �Ü Þß Úç ù â å èé Û è Ýã ß ä Úæ Ýç î è ìã ß Þ èç Ý Ý áé ß æ Ý S(T )

ùÚã ø � èÞ èçê Ü Ú ìé Ýæ áß K � S(T ) > 100ô �ã à æê ó ß ìã èç ßà Ü Û ß ùê ã ß æ ð Ú ð èç éæ Û èð èç ß Tç â �ç Ú ä Ýé Û Ýó èç çê è å èç ø öß ç ÝÜ Ú áâÜ áâ ÚÜ Þß Úç Ý åß ì áÚç íé ß Û Úæ Ýéø á �é Ú ð â ð Ú ð èç é â æ Û èð èç ß ô õÚã âó ß é ìà 5e0.08·2/12 ≈ 5.07ôõÚ �é Ú ð âÜ Û ß ùê ã ø Úé ÚÜ Þß Úç ÝÛ Ýæ ç Ý max
{
S(T )− 100, 0

}
− 5.07ô

��
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R HS A K BOT θ̄ F H HA M BA FA M\ BA S @ F F C HA S B L L H U S @ L B B FA S @A BND D ] ¡ A SD W@ [A BOT L@ YA S BAT YG H HS ID L@A @ M BG A HS @ θ̄ H P L@ E@ BA V EA HD LM BFA HS P@ G O m [E@ BA KT m E BS F LJ UG HA S @ G A L@ ZS HI @ c \ , P@ LD C @ BA G HS HA G \ m Z H PD WD mZ H KT m E BS F\ -] ¤ HN I @ V F HNO @ F L H , ¬] e -D , ¬] ± - V

Πθ(τ) = e−q(T−τ)S(τ), Πθ(T ) = S(T ) + ϕ[τ,T ] − S(T ) = ϕ[τ,T ].jO B I HM @A BOT L HV Z HS A K BOT θ̄(t) YMO Y BA F Y X B P SD FG HMJ C M C HC B LA M S B [C B LD T] j HNO @ F L H , ¬] ® - V Πθ(T ) = Πθ(τ)er(T−τ)] ¶ L@ ED A V

ϕ[τ,T ] = S(τ)e−q(T−τ)er(T−τ).

` HS C \ O @ , ¬] ± -\ FA @ L HMO B L@]¡ FA @ �A F Y ZS HM BSD AT V EA H Z HS A K BOT θ̄(t) YMO Y BA F Y I H Z\ FAD C J C VA H BFAT F M BS H YA L HFAT m 1 L BS @ M B LFA M H Πθ(t) > −C MJ Z HO L B L H I O YL BG HA HS HN H C > 0D ZS HD P M HOT LJ l t ∈ [τ, T ]] kA @ G V

Πθ(t) = e−q(T−t)S(t)− F (t).

j HNO @ F L H , ¬] e -D , ¬] ± - V

Πθ(t) = e−q(T−t)S(t)−
(
S(t)e(r−q)(T−t) − ϕ[τ,T ]

)
e−r(T−t) =

= ϕ[τ,T ]e
−r(T−t) > ϕ[τ,T ]e

−r(T−τ).�D FO H ϕ[τ,T ]e
−r(T−τ) L B P@ MD FD A HA t ∈ [τ, T ]V FO B I HM @A BOT L HV Z HS A [K BOT θ̄ YMO Y BA F Y I H Z\ FAD C J C]§¨ R© ì¨ å < R\ A H Z WD H L L@ L BG HA HS J U X@ P HMJ U @ G AD M F W B L H U S(t)D F Z HO L Y BA F Y M C HC B LA M S BC B LD T Z H W B L B K] R HOT P\ YFT HA F\ A FA MD BC@ S XD A S @ c @ L@ S J LG BV I HG @ cD A BV EA H W B L@ P (t) Z\ A H Z WD H L@ \ I HMO B [A M HS Y BA L BS @ M B LFA M\

P (t) > Ke−r(T−t) − S(t).ª¬ ¬®¯ ¬±° a@ F F C HA SD C I M @ Z HS A K BO Y] R BS MJ U F HFA HD A D P HI L HN H Z\ AH Z WD H L@D HI L HN H @ G AD M @ V @ MA HS H UD P L@O D E LJ l I B L BN L@ F\ C C \
Ke−r(T−t)] ¤ HN I @ G H L B E L@ Y W B L@ Z BS M HN H Z HS A K BO Y L B LD c B W B LJMA HS HN H Z HS A K BO Y] jO B I HM @A BOT L HV A @ G H B c B F H HA L Ho B LD B C B c I\ W B [L@ CD Z HS A K BO B U F ZS @ M B I O D M HD M L@ E@OT LJ U C HC B LA M S BC B LD t]§¨ R© ì¨ æ < p HG @ cD A B K HS C \ O \ , ¬] i -]

¬ h

n H ZS HFJ D P@ I @ ED

¦ FO HMD Y Z BS M HN H Z HS Y I G @ P@ G O m E@ mA F Y M S @ M B LFA M B L\ O m E@ FA [LJ l ZS HD P M HI LJ l K\ LG WD D £@ N S @ L c @ Z H Z BS BC B L LJ C ν1 V ν2
D λ]

r1σT − 1
σT

(
ν1σ1 + ν2 Cov(R1, R2)

)
(ν1r1 + ν2r2 − rf )

σ2
T

+ λ = 0,

,®] ® f -

r1σT − 1
σT

(
ν2σ2 + ν1 Cov(R1, R2)

)
(ν1r1 + ν2r2 − rf )

σ2
T

+ λ = 0,

,®] ® ® -

ν1 + ν2 = 1.

,®] ® e -

åò < R HOT P\ YFT \ FO HMD YCD Z BS M HN H Z HS Y I G @ V Z HO \ E B L LJ CD M P@ I @ E B®° V MJ M B ID A B\ S @ M L B LD B Ð Ìç]OP 6ê 6Q R ì�< ¦ C L Hc @ Y S @ M B LFA M @ ,®] ® f -D ,®] ® ® - L@ σ2
T

D P@ C B L Y Y

ν1r1 + ν2r2

L@ rT VD C B BC Q
r1σ

2
T −

(
ν1σ

2
1 + ν2 Cov(R1, R2)

)
(rT − rf ) + λσ3

T = 0,

,®] ® ¬ -

r2σ
2
T −

(
ν2σ

2
2 + ν1 Cov(R1, R2)

)
(rT − rf ) + λσ3

T = 0.

,®] ® h -

¦ C L HcD C Z BS M H BD P Z HO \ E B L LJ l \ S @ M L B LD U L@ ν1 V @ MA HS H B L@ ν2

DFO HcD C] n S B P\ OT A @A B

r1ν1σ
2
T + r2ν2σ

2
T − σ2

T (rT − rf ) + λσ3
T = 0.

n L HMT P@ C B L Y Y r1ν1 + r2ν2

L@ rT V Z HO \ ED C Z HFO B ZS B H XS @ P HM @ LD UVEA H λ = −rf/σT] R HOT P\ YFT O D L B U L HFAT mG HM @ SD @ WD D Z H F M HD C @ S N\ [C B LA @ C V L@ U I î BC V EA H Cov(R1, RT ) = Cov(R1, ν1R1 + ν2R2) = ν1σ
2
1 +

ν2 Cov(R1, R2)] ¤ HN I @ ,®] ® ¬ -D C B BA MD I

r1σ
2
T −Cov(R1, RT )(rT − rf )− rfσ2

T = 0.jO B I HM @A BOT L HV

(r1 − rf )σ2
T = (rT − rf ) Cov(R1, RT ).

¦ S @ M L B LD B Ð Ìç Z HO \ E B L H]å â < ? Hc BA O D M \ FO HMD Yl Þ Ü Ê Ì M S J L H E LJ U Z HS A K BOT Ml HID AT , ME@ FA L HFAD - I M @ @ G AD M @ A(σA, rA)D B(σB , rB)V I O YG HA HS J l σA < σBD rA > rB]OP 6ê 6Q R ì�< n HF Z HOT P\ UA BFT \ S @ M L B LD BC Ð Ìç]

® g
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å å < aJ L H E LJ U Z HS A K BOT F HFA HD A D P A S î Bl @ G AD M HM A1 V A2

D A3

Q

T = ν1A1 + ν2A2 + ν3A3] k P M BFA L HV EA H ν1 = 0.3V ν2 = 0.4V ν3 = 0.3V

Cov(R1, RT ) = 230V Cov(R2, RT ) = 280V Cov(R3, RT ) = 250] ª@ U ID [A B SD FG S J L H E L HN H Z HS A K BO Y T]åæ < ª@ S J LG B W B L LJ l X\ C @ N F\ q BFA M\ mA A HOT G H I M @ SD FG HM @ L LJ l@ G AD M @ A(0.067, 0.18)D B(0.14, 0.32)D X B P SD FG HMJ U @ G AD M F V I Hl HI [L HFAT G HA HS HN H 0.09] k P M BFA L HV EA H Cov(RB , RT ) = 0.0007V N I B T _S J L H E LJ U Z HS A K BOT VD C B mqD U HcD I @ BC \ m I Hl HI L HFAT 0.23D SD FG

0.014] ª@ SD F\ UA B S J L H E L\ mO D LD m Þ Ìç V S J L H E L\ mO D LD m Ð Ìç

W B L LJ l X\ C @ N] ¦ G @ cD A BA H EGD AD B L@ ZS YC H U Ð Ìç] ª B P@ X\ IT [A B Z HI ZD F @AT HFD G H HS ID L@A] ? Hc L HO D L@ SD F HM @AT O D LD D Þ Ìç DÐ Ìç L@ HI L HC N S @ KD G B @åè < £ B cD A O D X B P SD FG HMJ U @ G AD M L@ ZS YC H U Ð Ìç @

åã < pD F Z BS FD Y S J L H E L HN H Z HS A K BO Y S @ M L@ 490V G HM @ SD @ WD Y W B L LJ lX\ C @ N AD B S @ M L@ 470V b X BA @ d W B L L H U X\ C @ ND A S @ M L@ 1.20] ª@ U ID A Bb X BA \ d W B L L H U X\ C @ ND B]OP 6ê 6Q R ì�< R SD C B LD A B K HS C \ O \ ,®] ± -]åä < a@ F F C HA SD C I M @ Z HS A K BO YQ HID LV F HFA H YqD UD P E BA J S î Bl W B L LJ lX\ C @ N V @ MA HS H U _D P I BF YAD ] n F B W B L LJ B X\ C @ ND L BG HS S BO D S HM @ LJ VD C B mA b X BA @ d G Hó K KD WD B LA V S @ M LJ U

1VD F H XFA M B L LJ U SD FG M 30%]n H X HD l Z HS A K BO Yl I HO D M F Bl W B L LJ l X\ C @ N HID L@ G HMJ^] nJ ED FO D A BH XqD U SD FG H X HD l Z HS A K BO B UV BFO D SD FG S J L H E L HN H Z HS A K BO Y F H [FA @ MO Y BA 20%]

§ 
	 � ÿ÷ � ÿ� � B � � D E û¹ ÿ ý � ÿ �û û ±� � �û B � �ù D�ü þù B û B

2 * : * �� ( �� � �% ;� �� " � N �

R S B I Z HO HcD C V EA H W B L@ @ G AD M @ P@ MD FD A HA H XqD l A B L I B L WD U S J L [G @D L B H ZS B I BO î B L L HFAD V F M Y P@ L L H U F I @ L LJ C @ G AD M HC] ¥ FA BFA M B L L HF ED A @AT V EA H HcD I @ BC @ Y ZSD XJ OT HA @ G AD M @ ZS H Z HS WD H L@OT L@ W B L B@ G AD M @� A H BFAT V BFO D D LM BFA HS H W B LD M @ BA ZSD XJ OT G @ G 10% N HI H [MJ l ZSD S J L H E L H U W B L B @ G AD M @ M $20V A H ZSD W B L B @ G AD M @ M $100V H LA @ G c B H W B LD M @ BA ZSD XJ OT M 10% N HI HMJ l] jO B I HM @A BOT L HV P@ C @O J U

D LA BS M @O M S BC B LD ∆t HcD I @ BC H BD P C B L B LD B W B LJ @ G AD M @ ZS H Z HS WD H [L@OT L H S∆t] � BS B P µ H X H P L@ ED C G Hó K KD WD B LA ZS H Z HS WD H L@OT L HFAD ]

® ±

R SD C BS J

W |d 5 s zt | |� � x } x5 xt ~ v 6

j0 ∼
ln

k

K/S(τ )

l

+ nσ
√

∆t

2σ
√

∆t
.os y y s y n∆t = T − τ 6~ 9 }� �{ � | z5 x }t ~ { 4 |� 3� 5 z5 x } � xw 6 Iw |

j0 − np ∼
ln

k

K/S(τ )

l

− (r − σ2/2)(T − τ )

2σ
√

∆t
.

rs 5 x x 6 npq ∼ n/4� F | Uw | 3�

j0 − np√
npq

∼ ln

k

K/s(τ )

l
− (r − σ2/2)(T − τ )

σ
√
n∆t

→ −d2.F | z� | v zw� s 3t |� 3s 5 Mt | v 4 �t yH ~ ~ � s z� � x } x5 xt ~ � Φ(x) = 1−Φ(−x)�W 5 x } |� s w x5 Mt | 6

b(
ô

j0, n, p)→ Φ(d2).�t s 5 |d~ It | � zw st s � 5 ~ � s xw z� 6 Iw | b( ô

j0, n, p
′) → Φ(d1)� o |d } s 4 |� 3� 5 s� 5 Uy s 2 � |� 5 9 s z5 x } � xw ~ 9 7G� /� 8� �� � !�� �§¨ R© ì¨ â < p HG @ cD A B K HS C \ O \ , ¬] ± -]ª¬ ¬®¯ ¬±° a@ F F C HA SD C FO B I\ mq \ m FA S @A BND mQ

� G \ ZD AT e−q(T−τ) @ G WD UD M G O @ IJ M @AT ID MD ID B L IJ M @ G WD D

� M FA \ ZD AT M H KT E BS F LJ UG H LA S @ G A L@ ZS HI @ c \ 1 @ G WD D ]¤ HN I @ G HO D E BFA M H @ G WD UG H I L m Z HFA @ M GD t = T\ M BO D ED A F YD FA @ L BAS @ M LJ C e−q(T−τ)eq(T−τ) = 1] �A @ @ G WD YD X\ I BA ZS HI @ L@ M F H HA M BA [FA MD D F KT m E BS F LJ C G H LA S @ G A HC Z H W B L B ϕ[τ,T ]]kA @ G V P@A S @ E B L H S(τ)e−q(T−τ) I B L BN M L@ E@OT LJ U C HC B LA M S BC B [LD t = τ V @ Z HO \ E B L H ϕ[τ,T ]

ZSD t = T] R SD S @ M LD M @ Y I B L B c LJ B Z HA H [GD M HID LD A HA c B C HC B LA M S BC B LD F Z HC HqT m ID FG H LAD S\ mq BN HC L HcD A BO Y er(T−τ)V Z HO \ ED C ϕ[τ,T ] = S(τ)e−q(T−τ)er(T−τ)] ` HS C \ O @I HG @ P@ L@]` HS C @O D P\ BC F I BO @ L L H B S @ F F\ c I B LD B M A BS CD L@l S @ P I BO @ e] h]R S B I Z HO HcD C V EA H S J L HG (
S0(t), S(t), F (t)

) F HFA HD A D P X B P SD FG HM H [N H @ G AD M @ V HI L HN H SD FG HM @ L L HN H @ G AD M @D KT m E BS F @ L@ ó A HA @ G AD M]a@ F F C HA SD C Z HS A K BOT

θ̄(t) =
(

0, e−q(T−t),−1
)
.

¬ ¬
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R\ FAT W B L@ L BG HA HS HN H @ G AD M @ M A BG \ qD U C HC B LA M S BC B LD τ S @ M L@

S(τ)] í B L@D F Z HO L B LD Y H Z WD H L@ G HO O L@ ó A HA @ G AD M F C HC B LA HCD F [Z HO L B LD Y T S @ M L@ K] nJ ED FO D C W B L\ ó A HN H H Z WD H L@ M C HC B LA M S BC B [LD τ] a@ P I BO D C M S BC B L L H UD LA BS M @O [τ, T ] L@ n Z BSD HI HM HID L@ G HM H UI O D LJ (T −τ)/n] nJ ED FO B LD B W B LJ G HO O H Z WD H L@ ZS HM HID A F Y M S @ C [G @l n [ Z BSD HI L H U XD L HCD @OT L H U C HI BO D W B L H H XS @ P HM @ LD Y H Z WD H L HM V@ P@A BC L@l HID A F Y B î B ZS B I BO ZSD n→∞]kA @ G V W B L@ c H Z WD H L@ M n [ Z BSD HI L H U XD L HCD @OT L H U C HI BO D H ZS B [I BO Y BA F Y K HS C \ O H U , ¬] ® e -] j HNO @ F L H H ZS B I BO B LD mV j0 FA S BCD A F Y G

ln
(
K/(S(t)dn)

)
/ ln(u/d) ZSD n→∞] R HD LA BN S @OT L H U K HS C \ O B ?\ [@ M S @ [ £@ ZO @ F @

b(

ô

j0, n, p)→ 1− Φ

(
j0 − np√
npq

)
, b(

ô

j0, n, p
′)→ 1− Φ

(
j0 − np′√
np′q

)
,

N I B Φ(x) =
∫ x
−∞

1
2π e
−t2/2 dt _ L HS C @OT L@ Y K\ LG WD Y S @ F ZS B I BO B LD Y]R HOT P\ YFT H ZS B I BO B LD BC , ¬] ® ± - ED F BO uD dV Z HO \ ED C V EA H ZSD n→∞

c = S(τ)Φ(d1)−Ke−r(T−τ)Φ(d2),

, ¬] ® i -

N I B

d1 =
ln(S(τ)/K) + (r + σ2/2)(T − τ)

σ
√
T − τ ,

d2 =
ln(S(τ)/K) + (r − σ2/2)(T − τ)

σ
√
T − τ = d1 − σ

√
T − τ .

ª@ U I B L L\ m K HS C \ O \ , ¬] ® i - I O Y W B LJ G HO O H Z WD H L@ L@ PJ M @ mA K HS [C \ O H U  O ó G @ [� H\ O P@]r |y s 9 s w x5 M zw� | 4 |� 3� 5 u 7G� /� 8~ z� |5 M 9 � xw � s 9 5 |1 xt ~ x Uy z� |t xt w u�� � }

ex = 1 + x+
x2

2
+ . . . .

7G� /� 8F |} zw s � ~ � u~ d~ 9 4 |� 3� 5 u 7G� /� 8� � s � xt zw� | 7G� � 8 6 |� � x } x5 � v` x x I~ z5 s
p~ q 6 � |5 � I~ 3�

p =
er∆t − eσ

√
∆t

eσ
√

∆t − e−σ
√

∆t
..s zy 5 s } u� s � Uy z� |t xt w u� � � } � | 4 |� 3� 5 x 7G� /� 8~ � � xt x L� xd s � z5 s 2d s x 3 u 3~ 6 3s 5 u 3~ � | z� s � t xt ~ v z ∆t 6 � |5 � I~ 3 6 Iw |

p ∼ σ
√

∆t+ (r − σ2/2)∆t

2σ
√

∆t
, q ∼ σ

√
∆t− (r − σ2/2)∆t

2σ
√

∆t
.

¬ e

e] ® R HFA @ L HM G @ P@ I @ ED

¥ FO D L B H ZS B I BO î B L L HFAT S J L H E L H U W B LJ HA F\ A FA M\ BA V A H W B L@ @ G [AD M @ S\ I HMO BA M HS Y BA \ S @ M L B LD m

∆S = µS∆t,

, e] ® -

N I B ∆t _ I HFA @A H E L H C @O H] R SD ∆t → 0\ S @ M L B LD B , e] ® - FA @ L HMD A F YID K K BS B L WD @OT LJ C

S′ = µS.¥ N H S Bo B LD B S(T ) = S(0)eµT H ZS B I BO Y BA W B L\ S(T ) @ G AD M @ M C HC B LAM S BC B LD T]ª@ ZS @ G AD G B HI L@ G H M F BN I @ F\ q BFA M\ BA L B H ZS B I BO î B L L HFAT W B LJ@ G AD M @] pO Y H ZD F @ LD Y L B H ZS B I BO î B L L HFAD S @ F F C @A SD M @ mA F Y K\ LG WD DM S BC B LD V G HA HS J B ZSD G @ c I HC P L@ E B LD D @ S N\ C B LA @ YMO Y mA F Y FO \ [E@ U LJ CD M BO D ED L@ CD ] �A H F M H UFA M H H ZS B I BO Y BA � &( \ � � � ) � ' $ �X � � �]jO \ E@ U LJ U ZS H W BF F w(t) L@ PJ M @ BA F Y = � � � $ �= �" � �V BFO D w(0) = 0VD FO \ E@ U LJ B M BO D ED LJ w(t1 +s)−w(t1)D w(t2 +s)−w(t2)D C B mA L HS [C @OT L H B S @ F ZS B I BO B LD B F L\ O BMJ C C @A BC @AD E BFGD C HcD I @ LD BC D FID F Z BS FD B UV S @ M L H U sD L B P@ MD FD C J ZSD O m XJ l t1 V t2 V sV H XS @ P\ mqD lL B Z BS BF BG @ mqD BF YD LA BS M @O J (t1, t1 + s)D (t2, t2 + s)]´ S @ KD G MD L BS HM FG HN H ZS H W BF F @ C Hc L H Z HO \ ED AT V L@ ZSD C BS V FO B [I\ mqD C H XS @ P HC] ¶ @ KD G FD S\ BC L BG HA HS H B ED FO H h > 0D H ZS B I BO D CF BC B UFA M H FO \ E@ U LJ l M BO D ED LJ Wh(t) M C HC B LA J M S BC B LD t = 0V hV

2hV . . .] R HO HcD C Wh(0) = 0] a@ P L HFAT ∆Wh = Wh

(
(k+1)h

)
−Wh(kh)YMO Y BA F Y FO \ E@ U L H U M BO D ED L H UD P@ I @ î BA F YA @ XO D W B UQ

∆Wh −δ δ
P 1/2 1/2

? Hc L H ZS B I FA @ MO YAT V EA H P L@ E B LD B FO \ E@ U L H U M BO D ED LJ Wh

(
(k+

1)h
) Z HO \ E@ BA F YD P P L@ E B LD Y Wh(kh) F Z HC HqT m XS HF @ LD Y C H L BA J^]¤ HN I @ C @A BC @AD E BFG H B HcD I @ LD B FO \ E@ U L H U M BO D ED LJ ∆Wh

S @ M L H

M(∆Wh) = 0V @ ID F Z BS FD Y D(∆Wh) = δ2] �D FO H δ Z HO @ N @ mA S @ M LJ C

√
hV EA H XJ ID F Z BS FD Y D(∆Wh) HG @ P@O @ FT S @ M L H U h]¡ G @ PJ M @ BA F YV EA H MD L BS HM FGD U ZS H W BF F w(t) Z HO \ E@ BA F YD P F BC B U [FA M @ FO \ E@ U LJ l M BO D ED L Wh(t) ZSD h→ 0] j @ C ZS B I BOT LJ U Z BS Bl HII HFA @A H E L HA S\ I B LD P I BFT L B S @ F F C @A SD M @ BA F Y] jO B I HM @A BOT L HV N S @ [KD G F BC B UFA M @ Wh(t) ZSD C @O J l h YMO Y BA F Yl HS HoD C ZSD XO D c B LD BCMD L BS HM FG HN H ZS H W BF F @] ª@ ZSD C BS V I O Y L@ NO Y I L HN HD P H XS @ c B LD Y MD [L BS HM FG HN H ZS H W BF F @ L@ HA S B PG B [0, 1] I HFA @A H E L H M P YAT h = 0.01]

® i
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n ZS HFA B Uo BC FO \ E@ BV G HN I @ µ = 0V A H BFAT K H L I HMJ U S J L HG MF S B I L BC L B S @ FA î BA D L B\ XJ M @ BA V ZS B I Z HO @ N @ BA F YV EA H

∆S = σS∆w,

N I B w(t) _ MD L BS HM FGD U ZS H W BF F V @ σ > 0 _ L BG HA HS H B Z HO HcD A BOT L H BED FO H] ¤ HA K@ G A V EA H ZSD S @ q B LD Y W B LJ @ G AD M @ ZS H Z HS WD H L@OT LJW B L BV MJ S @ c @ BA BFA BFA M B L L H B ZS B I Z HO Hc B LD BV EA H L B H ZS B I BO î B L L HFATMJ S @ c B LD Y (S(t + ∆t) − S(t)
)
/S(t) L B P@ MD FD A HA S] �A H H P L@ E@ BA VEA HD LM BFA HS HID L@ G HM H L B\ M BS B LV G @ G @ Y Z HO \ ED A F Y I HO Y ZSD XJ O DZSD W B L B @ G AD M @ M $20D ZSD W B L B @ G AD M @ M $100]? HI BOT Z HM B I B LD Y W B LJ @ G AD M HM M H Xq BC FO \ E@ B H ZS B I BO Y BA F Y\ S @ M L B LD BC

∆S(t) = µS(t)∆t+ σS(t)∆w,

, e] e -

¢ Hó K KD WD B LA σV YMO Y mqD UF Y B ID LD W B U L B H ZS B I BO î B L L HFAD V L@ PJ M @ [mA = � & � � � & � � ��� � |��� �� � � � � �� � ^

2 * 2 * �� � # � ( ( � ( � � � )� �% � ! (� �" � � !

jO \ E@ U LJ B ZS H W BF FJ V \ I HMO BA M HS Y mqD B\ S @ M L B LD m , e] e - V I HFA @A H E [L H FO Hc LJ^] R Hó A HC \ M G @ E BFA M B Z HI N HA HMD A BOT L HN Hó A @ Z@ S @ F F C HA [SD C F L@ E@O @ FO \ E@ U LJ B ZS H W BF FJ Y (t)V C @O J BD P C B L B LD YG HA HS HN HP@ MD F YA HA M S BC B LD V L H L B P@ MD F YA HA YQ

∆Y = a∆t+ b∆w,

, e] ¬ -

N I B aD b _ ZS HD P M HOT LJ B KD G FD S HM @ L LJ B ED FO @ V @ w _ MD L BS HM [FGD U ZS H W BF F] ¦ S @ M L B LD B , e] ¬ -D P\ E@ BA F Y L@ L BG HA HS HC D LA BS M @O B

t ∈ [0, T ]V N I B TG S @A L H ∆t]¢ @ G Z H LD C @AT \ S @ M L B LD B , e] ¬ - @ a@ P H XT î BC HA S B P HG [0, T ] L@D L [A BS M @O J I O D LJ ∆t] ¶ L@ E B LD B Y L@ ZS @ M HC G H L W BD LA BS M @O @ MJ ED F [O Y BA F Y F Z HC HqT m , e] ¬ - E BS B P P L@ E B LD B L@ O BM HC G H L W BD LA BS M @O @ VL@ ZSD C BS V

Y (∆t) = Y (0) + a∆t+ bw(∆t) − bw(0).ª@ SD F] h Z HG @ P@ LJ ZSD C BS J A S î Bl ZS H W BF F HM Y (t)]¶ @ C BAD C V EA H bFO \ E@ U L HFAT d M ZS H W BF F Y M L HFD A A HOT G H MA HS H BFO @ N @ BC H B b∆w ZS @ M H U E@ FAD \ S @ M L B LD Y , e] ¬ -] ?@A BC @AD E BFG H B HcD [I @ LD B

M ∆Y = a∆t+ bM ∆w = a∆t,

® ³

¬] h ª B UA S @OT LJ UG SD FG \ S J L HG

¤ HN I @ , P@ I @ E@ ® h -

p′ + q′ = 1VD ED FO H ∑n
j=j0

Cjn(pu)j(qd)n−je−nr∆tS @ M L H M BS H YA L HFAD b(

ô

j0, n, p
′) Z HG S @ U L B U C BS B j0\ F Z Bl HM M Fl BC B  BS L\ O O D D P nD F ZJ A @ LD U F M BS H YA L HFAT m\ F Z Bl @ p′ M G @ c I HCD F ZJ [A @ LD D ] ¶ L@ ED A V

c = S(t)b(

ô

j0, n, p
′)−Ke−nr∆tb( ô

j0, n, p).

, ¬] ® e -

w * ²* � � � �� � � �� � � ;� � ( ; )� �� � ;

�� �� $ � & � � ) �" $ ��" ( L@ PJ M @ mA A @ G H U S J L HG V M G HA HS HC F S B I L B BP L@ E B LD B ZS HD P M HOT L HN H KD L@ LF HM HN HD LFA S\ C B LA @ ID FG H LAD S\ BA F YZ H ZS H W B LA L H U FA @ M G B] nA BS CD L@l S @ F F C @A SD M @ BC J l C HI BO B Uó A HH P L@ E@ BA V EA H FO \ E@ U LJ B M BO D ED LJ P (t1)D P(t2)V H X H P L@ E@ mqD B W B [LJ ZS HD P M HOT L HN H KD L@ LF HM HN HD LFA S\ C B LA @ M C HC B LA J M S BC B LD t1D t2

F M Y P@ LJ K HS C \ O H U
MP (t2) = er(t2−t1) MP (t1).

, ¬] ® ¬ -

n E@ FA L HFAD V M C HC B LA M S BC B LD t C Hc L H\ A M BS c I @AT V EA H

MS(t+ ∆t) = S(t)er∆t.

, ¬] ® h -

ª B UA S @OT LJ UG SD FG \ S J L HG M H H Xq B N HM HS Y L BM H P C Hc B LV HI L@ G HL BG HA HS J B M @ c LJ B L@ XO mI B LD YV F I BO @ L LJ B I O Y X B P SD FG HM HN H S J LG @Z BS B L HF YA F Y M S B@OT LJ U S J L HG] pO Y L@ E@O @ P@ C BAD C V EA H ED FO @ pD qV M M B I î B L LJ B M , ¬] ³ - V C Hc L HD LA BS ZS BAD S HM @AT I O Y X B P SD FG HM N HS J LG @ G @ G M BS H YA L HFAD F H XJ AD U

S(t+∆t) = S(t)uD S(t+∆t) = S(t)dF H HA M BA FA M B L L H] p B UFA MD A BOT L HV MS(t+ ∆t) = S(t)up+S(t)d(1− p)]j HNO @ F L H , ¬] ® h - V

S(t)up+ S(t)d(1− p) = S(t)er∆t.¡ A G \ I @

p =
er∆t − d
u− d .

, ¬] ® g -

EA H F HM Z@ I @ BA F , ¬] ³ -]¢ H LFA @ LA J uD d H ZS B I BO Y mA A @ G V EA H XJ FO \ E@ U L@ Y M BO D ED L@

ln(S(t+ ∆t))− ln(S(t))

XJ O @ L HS C @OT L@ S @ F ZS B I BO B L@ F ID F Z BS FD B U

σ2∆t ZSD O m X HC t] �A H\ FO HMD B F HNO @ F\ BA F Y F L B ZS BS J M L H U C HI B [OT m W B L H H XS @ P HM @ LD Y @ G AD M @] ? Hc L HV L@ ZSD C BS V H ZS B I BO D AT uD dFO B I\ mqD C H XS @ P HC Q

u = eσ
√

∆t, d =
1

u
= e−σ

√
∆t.

, ¬] ® ± -
¬®
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I O Y cuD cd V Z HO \ ED C

c = e−2r∆t
(
cuup

2 + 2cudpq + cddq
2
)
,

, ¬] ° -

N I B cuu = max
{
u2S(t)−K, 0

}V cud = max
{
udS(t)−K, 0

}V

cdd = max
{
d2S(t)−K, 0

}]

w * w * 0 �� � ! �� � �� � & n´ '�� ��" � � & !�" �� �

�O N HSD A C V Z H P M HO Y mqD U MJ ED FO D AT W B L\ H Z WD H L@ M I M\ l Z BSD HI L H UC HI BO D BFA BFA M B L LJ C H XS @ P HC ZS HI HO c @ BA F Y I O Y n [ Z BSD HI L H U C HI B [O D ] n S B P\ OT A @A B Z HO \ E@ BA F Y K HS C \ O @ V H X H Xq @ mq @ Y , ¬] ° -Q

c = e−nr∆t




n∑

j=0

Cjnp
jqn−j max

{
ujdn−jS(t)−K, 0

}

 .

, ¬] ® f -

` HS C \ O @ , ¬] ® f - C Hc BA XJ AT \ ZS Hq B L@] R\ FAT j0 _ L@D C B LT o B BW BO H B Z HO HcD A BOT L H B ED FO HA @ G H BV EA H uj0dn−j0S(t) > K] �A H H ZS B [I BO B LD Bó G MD M @O B LA L HA HC \ V EA H j0 _ L@D C B LT o B B Z HO HcD A BOT L H BED FO HV G HA HS H B X HOT o BV E BC ln(K/S(t)dn)/ ln(u/d)] jO B I HM @A BOT L HVI O Y M F Bl j 6 j0

C @ G FD C \ C max
{
ujdn−jS(t) −K, 0

}
= 0V @ I O Y M F Bl

j > j0
max

{
ujdn−jS(t)−K, 0

}
= ujdn−jS(t)−K.¶ L@ ED A V K HS C \ O @ , ¬] ® f - I O Y W B LJ H Z WD H L@ c P@ ZD FJ M @ BA F Y M MD I B

c = e−nr∆t




n∑

j=j0

Cjnp
jqn−j

(
ujdn−jS(t)−K

)

 .

a@ P XD M @ Y ZS @ M\ m E@ FAT L@ I M @ FO @ N @ BC J l V Z HO \ ED C V EA H

c = S(t)




n∑

j=j0

Cjn(pu)j(qd)n−je−nr∆t


−Ke−nr∆t




n∑

j=j0

Cjnp
jqn−j


 .

�D FO H ∑n
j=j0

Cjnp
jqn−j S @ M L H M BS H YA L HFAD b(

ô

j0, n, p)

Z HG S @ U L B UC BS B j0\ F Z Bl HM M Fl BC B   BS L\ O O D D P nD F ZJ A @ LD U F M BS H YA L HFAT m\ F Z Bl @ p M G @ c I HCD F ZJ A @ LD D ] � L@O HND E L HV H X H P L@ ED C
p′ = pue−r∆t, q′ = qde−r∆t

, ¬] ® ® -

¬ f

e] ¬ £ BC C @ kA H

0 2 4 6 8

0

0.4

0.8

1.2

t

y

.~ z� e� F� ~ 3 x� u � � |H x z z |� Y (t) � � ~ a = 0.1 6 b = 0.15� �s d � s 9 L~ xt ~ �d |� ~ 9 |t w s 5 Mt | v | z~ ∆t = 0.01�

A @ G G @ G C @A BC @AD E BFG H B HcD I @ LD B ZSD S @ q B LD U MD L BS HM FG HN H ZS H [W BF F @ ∆w S @ M L H L\ O m] ¶ L@ ED A V MY (∆t) = a∆t+ Y (0)V MY (2∆t) =
a∆t+MY (∆t) = a2∆t+Y (0)D A @ G I @O B B] ¡ G H L E@A BOT L HD C B BC V EA H

M
(
Y (T )

)
= aT + Y (0).

, e] h -

pD F Z BS FD Y FO \ E@ U L H U M BO D ED LJ ∆Y V L@ ZS HAD M V P@ I @ î BA F Y FO @ N @ B [C J C b∆wQ
D(∆Y ) = b2 D(∆w) = b2∆t.R HFO B I HM @A BOT L H B ZSD C B L B LD B Z HO \ E B L L HN H S @ M B LFA M @ @ L@O HND E L HMJ M HI\ , e] h - ZSD M HID A G K HS C \ O B ID F Z BS FD D Y (T )Q

D
(
Y (T )

)
= b2T.

, e] g -

¶ @ C BAD C V EA HD P L HS C @OT L HFAD FO \ E@ U L H U M BO D ED LJ ∆w FO B I\ [BA L HS C @OT L HFAT FO \ E@ U LJ l M BO D ED L ∆YD Y (t) ZSD O m XJ l t > 0]k P ZSD M B I B L LJ l S @ F F\ c I B LD U FO B I\ BA V EA H � &( \ � � � ) � ' $ �X � � � Y (t) >( � �= &� � = �$ Y  � � � � � �� � �] � � � | ^ ! � > Y = &Y � � � Y ' $ �" � � � � � % �" *� �$ �= � � � � � t � [ & � �� � �' $ � �� &� � �Y � �$ � � & � � � $ � � ' $ � �� & "� � � � � � &( *\ � � � � � = � & � \ � � � �> � ��  �� � � � � � � � � � \� �" �� �� � �� � �� Y (0) + at� � �� ' � $ � � b2t ^

2 * w * � � ! !� � ��

¡ G @ PJ M @ BA F YV EA HD P\ S @ M L B LD Y , e] e - C Hc L H Z HO \ ED AT X HO B B ZS HFA H B\ S @ M L B LD B MD I @ , e] ¬ -] pO Yó A HN HD F Z HOT P\ BA F YO BC C @ kA H M FO B I\ m [
®°
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q B U K HS C \ O D S HM G B] #( �� � f(S, t) # ' $ � �Z = � & � � � Y %( � "X �Y � ��  *� � Y �= � \ � �� � )� ' $ � �Z = � �� )� ' � ' � $ = � �( � $$ ( �� � � ( � � ��( \ � �� *�(  ' $ � �Z = � ��(  ' � = � �$ � �( � $$ ( �� � � ( ^ #$ � �' � & �� � �?> \� � ∆S( � �= &� � = �$ Y � � ( $ � = � � � � | ^  � ' $ � � � & )� ∆t > � ∆w # = � � � $ �= �" � �' $ �X � � � ^ % �$ ��

∆f = σS
∂f

∂S
∆w +

(
µS

∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2
+
∂f

∂t

)
∆t+ ō(∆t).

n HF Z HOT P\ BC F YO BC C H U kA H I O Y f(S, t) = lnS] ¤ HN I @

∂f

∂S
=

1

S
,

∂2f

∂S2
= − 1

S2
,

∂f

∂t
= 0.

jO B I HM @A BOT L HV HA XS @ FJ M @ Y FO @ N @ BC J B C @O J BV Z H F S @ M L B LD m F ∆tVD C B BC

∆(lnS) =

(
µ− σ2

2

)
∆t+ σ∆w.

¦ FA @ L HMO B L HV EA H ZSD S @ q B LD Y FO \ E@ U L H U M BO D ED LJ lnS\ I HMO B [A M HS Y mA \ S @ M L B LD m MD I @ , e] ¬ -] �A H\ S @ M L B LD BV M E@ FA L HFAD V H P L@ [E@ BA V EA H FO \ E@ U L@ Y M BO D ED L@ lnS(T ) − lnS(t)D C B BA L HS C @OT L H BS @ F ZS B I BO B LD B F C @A BC @AD E BFGD C HcD I @ LD BC (µ−σ2/2)(T−t)D ID F [Z BS FD B U σ2(T − t)] n M B I î BC H X H P L@ E B LD B ξ ∼ N(m, s2) I O Y L HS C @OT L HS @ F ZS B I BO î B L L H U FO \ E@ U L H U M BO D ED LJ ξ VD C B mq B U C @A BC @AD E BFG H BHcD I @ LD B mD ID F Z BS FD m s2] ¤ HN I @

lnS(T ) ∼ N
(

lnS(t) +
(
µ− σ2

2

)
(T − t), σ2(T − τ)

)
.

, e] ± -

2 * ²* �� ( �� � � � �� !�" �� �

a@ F F\ c I B LD Y ZS B IJ I\ qD l S @ P I BO HM O B c @A M HF L HM B FA S HN HN H C @ [A BC @AD E BFG HN H Z HFA S H B LD Y] ! ) � " � � L@ PJ M @ BA F Y FO \ E@ U LJ U M BG A HS
{
S0(t), S1(t), . . . , Sn(t), D1(t), . . . , Dm(t)

}V N I B Dj(t)

YMO Y BA F Y K\ LG [WD B U HA S0(t)V . . .V Sn(t)V \ I HMO BA M HS Y mqD U L BG HA HS J C \ FO HMD YC F H [NO @ F HM @ L L HFAD ] jO \ E@ U LJ B M BO D ED LJ Si(t)

D LA BS ZS BAD S\ mA F Y G @ GW B L@ W B L L H U X\ C @ ND D O D @ G WD D Z HI L HC BS HC i M C HC B LA M S BC B LD tV@ Dj(t) _G @ G W B L@ j [ HN H ZS HD P M HI L HN H KD L@ LF HM HN HD LFA S\ C B LA @] n

ZS HFA B Uo B U C HI BO D V Z HFA S H B L L H U LD c BV S @ F F C @A SD M @ BA F Y S J L HG V F H [FA H YqD UA HOT G HD P L B P@ MD FD C J l FO \ E@ U LJ l M BO D ED L , W B L LJ l X\ C @ N -

ef

¬] e pM\ l Z BSD HI L@ Y XD L HCD @OT L@ Y C HI BOT

S(t), c

S(t)u,c
u

S(t)d,c
d

S(t)uu,c
uu

S(t)ud,c
ud

S(t)dd,c
dd.~ z� u� r� �{ � x� ~ |}t s � 3 |} x5 M

j HNO @ F L H K HS C \ O B , ¬] ® - W B L@ Π(t)ó A HN H Z HS A K BO Y M C HC B LA M S BC B LD

t MJ ED FO Y BA F Y Z H K HS C \ O B Π(t) = Π(t+∆t)e−r∆t] j I S\ N H U FA HS H LJ VW B L@ Z HS A K BO Y Π(t) = S(t)+νcV N I B c = c(t) _A BG \ q @ Y W B L@ H Z WD H L@G HO O] kA @ G V
S(t)− S(t)(u− d)

cu − cd
c = S(t)

cud− cdu
cu − cd

e−r∆t

D O D
c = e−r∆t(cup+ cdq),

N I B p =
er∆t − d
u− d , q =

u− er∆t
u− d .

, ¬] ³ -

w * 2 * 	 % )� '�� ��" � � & $ �� � ! �� � �� � & !�" �� �

pM\ l Z BSD HI L@ Y C HI BOT Fl BC @AD E L H Z HG @ P@ L@ L@ SD F] ±] nJ ED FO B LD BW B LJ H Z WD H L@ L@ @ G AD M FD F Z HO L B LD BC M G H L W B MA HS HN H Z BSD HI @ Z HW B L B K L\ c L H L@ ED L@AT F G H L W@] ¥ FO D M G H L W B Z BS M HN H Z BSD HI @ W B L@@ G AD M @ S @ M L@ S(t)uV A H W B L\ cu

H Z WD H L@ C Hc L H MJ ED FO D AT M S @ C G @lHI L H Z BSD HI L H U C HI BO D Z H K HS C \ O B , ¬] ³ -Q

cu = e−r∆t(cuup+ cudq).� L@O HND E L H

cd = e−r∆t(cudp+ cddq).¤ HN I @ W B L@ H Z WD H L@ M L@ E@OT LJ U C HC B LA M S BC B LD t MJ S @ c @ BA F Y E B [S B P cuD cd

Z H K HS C \ O B , ¬] ³ -] R HI FA @ MO Y Y Z HO \ E B L LJ B MJ S @ c B LD Y
e°
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j M Y PT C B c I\ FO \ E@ U LJ CD M BO D ED L@ CD c(t)

, @ L@O HND E L HV P (t)

-

M S @ P LJ B C HC B LA J M S BC B LD t C Hc BA XJ AT H ZS B I BO B L@ S @ PO D E LJ CDF Z HF H X@ CD ] ?J S @ F F C HA SD C XD L HCD @OT L\ m C HI BOT ¢ Hl @ [ a HF F @ [ a\ [XD Lo A B U L@D L B ZS BS J M L\ m C HI BOT  O ó G @ [� H\ O P@]

w * : * �" � � '�� ��" � � & $ �� � ! �� � �� � & !�" �� �+*

R\ FAT M A BG \ qD U C HC B LA M S BC B LD t W B L@ @ G AD M @ S @ M L@ S(t)] R S B I Z H [O HcD C V EA H M C HC B LA M S BC B LD t+ ∆t M H P C Hc LJ A HOT G H I M @D Fl HI @QW B L@ S(t+ ∆t) @ G AD M @ S @ M L@ S(t)uD O D S(t)d

, SD F] g -] R S B I Z HO HcD CI O Y H ZS B I BO î B L L HFAD V EA H u > 1D d < 1] nJ ED FO D C A BG \ q \ m W B L\ cH Z WD H L@ G HO O L@ó A HA @ G AD M F H M S BC B L BCD F Z HO L B LD Y t+ ∆tD W B L H UD F Z HO L B LD Y K]

S(t), c

S(t)u, c
u

S(t)d, c
d¾¿ ÀÂÁ & Á '( Ï ÊÍ )Å ¿ Ê(*Ï Ð+, Ê( )ÈÉ

�Ü Þß Úç ù â å èé Û è Ýã ß ä Úæ Ýç î è ìã ß Ûê ç Úó ç ÝàÞ èç Ý Ý áé ß æ Ý S(t+∆t) Ú á Ý � èé ìà æê � è îó èð Þ èç Ýß ìÜ Úã ç èç ßà K ô -ã è åÚæ Ýé èã ø ç Ú î Þ èç Ý c(t + ∆t)ÚÜ Þß Úç Ý æ ð Ú ð èç é ß ìÜ Úã ç èç ßà � c(t + ∆t) =
max

{
S(t+ ∆t)−K, 0

}ô-. ÚÛ ð ß Û â èð ù èä Û ß ì áÚæê ëÜ ÚÛ é . èã ø æ ð Ú íð èç é æ Û èð èç ß t î ìÚ ìé Úà ò ß ëß ä 1 Ý á Þß ß ß ν ÚÜ íÞß Úç Úæ áÚã ã ô /ß ìã Ú νÜ Ú å ùß Û Ý èé ìà é Ý á îó é Ú ùêÞ èç ÝÜ ÚÛ é . èã à æ ð Ú ð èç é æ Û èð èç ß t + ∆t

ùê ã ÝÚ åß ç Ý áÚæ Ú ëÜ Û ß ã ñ ùÚ ð ß ä åæ â ÷æ Ú ä ð Ú �çê ÷ä ç Ýó èç ß ë

S(t+∆t)ô 0 ìã ßÞ èç Ý Ý áé ß æ Ý S(t+ ∆t) = S(t)u îé Ú Þ èç ÝÜ ÚÛ é . èã à Û Ýæ ç Ý S(t)u+ νcu ô0 ìã ß Þ èç Ý Ý áé ß æ Ý S(t + ∆t) = S(t)d îé Ú Þ èç ÝÜ ÚÛ é . èã à æ ð Ú ð èç éæ Û èð èç ß t+ ∆tÛ Ýæ ç Ý S(t)d+ νcd ô -ã è åÚæ Ýé èã ø ç Ú î

S(t)u+ cuν = S(t)d+ cd∆.

1ç Ýó ß é î

ν =
S(t)(u− d)

cd − cu
.

2 è ö áÚ ìÚ Ú ùÛ Ýä ß éø îó é ÚÜ Úã âó èç ç Ú èó ß ìã Ú ν Úé Û ß Þ Ýé èã ø ç Ú è ô 3é ÚÚ ä ç Ýó Ý èé îó é Ú ν ÚÜ Þß Úç Úæ îæ ÷Ú åà ò ß ÷æ ù èä Û ß ì áÚæê ëÜ ÚÛ é . èã ø îç â �ç ÚÜ Û Ú å Ýæ Ýéø ô4 èç Ý Πt+∆t

ù èä Û ß ì áÚæ Ú ö ÚÜ ÚÛ é . èã à æ ð Ú ð èç é æ Û èð èç ß t+∆tÛ Ýæ íç Ý

Πt+∆t = S(t)u− S(t)cu(u− d)

cu − cd
=
S(t)(cud− cdu)

cu − cd
.
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e] h R HFA S H B LD B C HI BO D
Si] nó A HC FO \ E@ B\ FO HMD Y F HNO @ F HM @ L L HFAD P@ ZD FJ M @ mA F Y M MD I BQ

dS0(t) = r(t)S0(t)dt

, e] i -
dSi(t) = µiSi(t)dt+ σiSi(t)dw.

, e] ³ -

¦ S @ M L B LD B , e] i - H ZS B I BO Y BA X B P SD FG HMJ U @ G AD M S0 V Z HFG HOT G \ M ZS @ [M H U E@ FAD S @ M B LFA M @ HA F\ A FA M\ BA MD L BS HM FGD U ZS H W BF F] `\ LG WD Y r(t)L@ PJ M @ BA F Y ' $ �X � � � � � � �� � = " � �] ¦ S @ M L B LD B , e] ³ - C Hc L H Z H LD C @ATG @ G ID FG S BA L H B\ S @ M L B LD B , e] e - ZSD C @O HCD LA BS M @O B ∆t]¦ S @ M L B LD Y , e] i -D , e] ³ -D LA BS ZS BAD S\ mA F Y Mó G H L HCD E BFGD l A BS [CD L@l FO B I\ mqD C H XS @ P HC Q

® - j\ q BFA M\ BA M H P C Hc L HFAT Z HG \ ZGD @ G AD M @ L@ O m X\ m c BO @ BC \ mF\ C C \ I B L BN]

e -¢ HS HA GD B ZS HI @ cD , M H P C Hc L HFAT ZS HI @ M @AT W B L LJ B X\ C @ ND V L BD C B YD l M L@O D ED D - S @ P S Bo B LJ^] ªD G @ GD l HN S @ LD E B LD U L@ LD lL B L@ G O @ IJ M @ mA F Y]

¬ - ª@O HND D H Z BS @ WD H L LJ BD P I BS c GD HA F\ A FA M\ mA]# �$ � %� &� � L@ PJ M @ BA F Y M BG A HS

θ̄ =
(
θ0(t), θ1(t), . . . , θn(t), θn+1(t), θn+m(t)

)
.

¢ HC Z H L B LA J M BG A HS @ ZS B I FA @ MO Y mA F H X H UG HO D E BFA M H W B L LJ l X\ C @ NF L HC BS @ CD 0V . . .V nD D l ZS HD P M HI LJ l V G HA HS J CD D LM BFA HS MO @ I B BAM C HC B LA M S BC B LD t]7� � � Πθ(t) Z HS A K BO Y θ̄ H ZS B I BO Y BA F Y S @ M B LFA M HC

Πθ(t) = θ0(t)S0(t)+. . .+θn(t)Sn(t)+θn+1(t)D1(t)+. . .+θn+m(t)Dm(t)., e] ° -os y y s y 7 S� � 8~ 7 S� � 8 � |t ~ 3s vw z� y s y � � x } x5 }~ zy � xwt u{ � � s � t xt ~ v 6~ 9 7 S� r 8 z5 x } � xw 6 Iw |

dΠθ(t) = θ0(t)dS0(t)+. . .+θn(t)dSn(t)+θn+1(t)dD1(t)+. . .+θn+m(t)dDm(t).F |5 � I xt t | x � � s � t xt ~ x |9t s Is xw 6 Iw |t ~ y s y ~ x } xt M d~ t x� � |} � w z� � � |� w 24 x5 M ~ t x� u� |} � w z� ~ 9t xd | 6� |9 3 |1t |w |5 M y |� x� x� s z� � x } x5 xt ~ x z� x } zw�� t � w � ~ � |� w 4 x5 �� os y ~ x� |� w 4 x5 ~ t s 9 u� s vw z� 89: ; <=> 9> 8=? @AB = : = 8C�R HS A K BOT θ̄(t) L@ PJ M @ BA F Y � �'( �� � � ) �V BFO D F\ q BFA M\ BA A @ G H BED FO H K > 0

, P@ MD F Yq B B HA Z HS A K BO Y θ̄ - V EA H Πθ(t) > −K F M BS H [YA L HFAT m 1] j I BO @ L L H B HN S @ LD E B LD B HA S @ c @ BA BFA BFA M B L L H B\ FO HMD B
e®
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K H L I HM HN H S J LG @Q I HO c B L F\ q BFA M HM @AT ZS B I BO I O Y S @ P C BS @ I HO N @ VG HA HS J U C HN\ A I H Z\ FAD AT G S B ID A HS J^]D $ [ �� $ � � _ó A H I H Z\ FAD C J U Z HS A K BOT θ̄V W B L@ G HA HS HN H Πθ S @ M [L@ 0 M A BG \ qD U C HC B LA M S BC B LD t0 V @ M L BG HA HS J U X\ I\ qD U C HC B LAM S BC B LD t1 > t0

W B L@ Πθ(t1) L B HA SD W@A BOT L@ F M BS H YA L HFAT m 1V ZSD [E �C P
{

Πθ(t1) > 0
}
> 0] ¤ @ GD C H XS @ P HC V F\ q BFA M HM @ LD B @ S XD A S @ [c @ L@ S J LG B I @ �A M H P C Hc L HFAT D LM BFA HS\ Z HO \ ED AT X B P SD FG HM\ mZSD XJ OT ] ¡ G @ PJ M @ BA F YV EA H ZSD F K HS C \ O D S HM @ L LJ l ZS B I Z HO Hc B LD [Yl @ S XD A S @ c L@ S J LG B L B F\ q BFA M\ BA]�� � !�� �§¨ R© ì¨ â < ¤ BG \ q @ Y W B L@ @ G WD D S @ M L@ 20] ¶ @ G @ c I\ m B ID LD W\ M S B [C B LD W B L@ @ G WD D O D X H\ M BO D ED M @ BA F Y L@ 2 F M BS H YA L HFAT m 2/3V O D X H\ C B LT o @ BA F Y L@ 2 F M BS H YA L HFAT m 1/3] ª@ U ID A B M BS H YA L HFAT A HN HVEA H 6 B ID LD W M S BC B LD F Z\ FA Y W B L@ @ G WD D X\ I BA S @ M L@ 24]ª¬ ¬®¯ ¬±° �A H XJ W B L@ @ G WD D HG @ P@O @ FT S @ M L H U 24 E BS B P 6 B ID LD W M S B [C B LD V H L@ H X Y P@A BOT L H I HO c L@ XJ O @ 4 S @ P@ Z HMJ o @AT F YD 2 S @ P@ Z H [LD c @AT F Y] k P C B L B LD B W B LJ @ G WD D C Hc L H S @ F F C @A SD M @AT G @ G Fl BC \  BS L\ O O D D P 6D F ZJ A @ LD U] a B P\ OT A @A HC D F ZJ A @ LD Y YMO Y BA F Y Z HMJ [o B LD BD O D Z H LD c B LD B W B LJ P@ B ID LD W\ M S BC B LD ] ¦ F Z Bl HC L@ P HM î BCZ HMJ o B LD B W B LJ^] R H\ FO HMD m P@ I @ ED M BS H YA L HFAT \ F Z Bl @ S @ M L@ 2/3]¤ HN I @ W B L@ @ G WD D HG @ c BA F Y S @ M L H U 24 ZSD 4\ F Z Bl @l M 6D F ZJ A @ LD YlFl BC J   BS L\ O O D ] kl M BS H YA L HFAT S @ M L@ C4

6 · (2/3)4(1/3)2 = 0,6584]§¨ R© ì¨ å < j Z HC HqT mO BC C J kA H H ZS B I BO D A BG @ G HC \ ó M HO m WD H L [L HC \ \ S @ M L B LD m\ I HMO BA M HS Y BA ZS H W BF F 1
2w

2
t

V N I B wt _ MD L BS HM FGD U

ZS H W BF F]ª¬ ¬®¯ ¬±° k PO BC C J kA H FO B I\ BA V EA H

∆
(
f(t, w)

)
=

(
∂f

∂t
+

1

2

∂2f

∂w2

)
∆t+

∂f

∂w
∆w.

, e] ® f -

R HO HcD C f(t, w) = 1
2w

2] ¤ HN I @ ∂f
∂t = 0V ∂f

∂w = w ∂2f
∂w2 = 1] jO B I HM @ [A BOT L HVD P e] ® f

∆
(1

2
w2
t

)
= wt∆w +

1

2
∆t.

§¨ R© ì¨ æ < R\ FAT S(0) = $40V µ = 16% N HI HMJ l σ = 20% N H [I HMJ l] ª@ U ID A B S @ F ZS B I BO B LD B W B LJ @ G AD M @ S(T ) E BS B P 1/2 N HI @]

e e
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R S B I Z HO HcD C V EA H I H I L Y Z HFA @ M GD KT m E BS F @ HcD I @ BA F Y Z HO \ [E B LD B I Hl HI @ V G HA HS J U M A BG \ qD U C HC B LA M S BC B LD τ H W B LD M @ BA F YS @ M LJ C I] ¤ HN I @

ϕ[τ,T ] =
(
S(τ)− I

)
er(T−τ).

, ¬] g -

R\ FAT @ G WD Y H X BF Z B ED M @ BA ID MD I B L IJ V S @ M LJ B q% N HI HMJ l] ¤ HN I @

ϕ[τ,T ] = S(τ)e(r−q)(T−τ) , ¬] ± -

nJ M HI K HS C \ O , ¬] ± -D , ¬] g - YMO Y BA F Y F HI BS c @ LD BC P@ I @ ED ¬ V @ K HS [C \ O @ , ¬] ± -\ FA @ L@ MO D M @ BA F Y M ZSD C BS B®]E � & & �'X � � �D O D ZS HFA HG HO O _ó A H W B L L@ Y X\ C @ N @ V G HA HS @ Y I @ î BAZS @ M H B î B MO @ I BOT W\ G \ ZD AT H ZS B I BO î B L LJ U @ G AD M I H H ZS B I BO î B L L HN HI L Y P@ H ZS B I BO î B L L\ m W B L\] �A HA @ G AD M L@ PJ M @ BA F Y [�Z �= ) � @ G AD M HC]#( � �'X � � �D O D ZS HFA H Z\ A I @ î BA ZS @ M H MO @ I BOT W\ ZS HI @AT X@ P HMJ U

@ G AD M I H H ZS B I BO î B L L HN H I L Y P@ H ZS B I BO î B L L\ m W B L\] í B L@ L@ PJ M @ BA [F YX � � � � �� ' � & � � � �Y � \ G @ P@ L LJ U I B LT _ �� "� � �� ' � & � � � �Y] p@O B BVC J X\ I BC H XF\ c I @AT A B H Z WD H LJ V G HA HS J B C HN\ A XJ AT D F Z HO L B LJA HOT G H M Z HFO B I LD U I B LT , � �� $ �" � � �" �� H Z WD H LJ -]¶ @ H XO @ I @ LD B H Z WD H L HC L\ c L H P@ ZO @AD AT H ZS B I BO î B L L\ m W B L\]�A @ W B L@ L@ PJ M @ BA F Y ' $ � � �� �D O D X � � � � H Z WD H L@] ª B H Xl HID C HFATP@ ZO @AD AT ZS BCD m P@ H XO @ I @ LD B H Z WD H L HC ZSD L WD ZD @OT L H HA O D E@ BAH Z WD H LJ HA KT m E BS F HM]í B L@ H Z WD H L@ G HO O H ZS B I BO Y BA F Y FO \ E@ U LJ C ZS H W BF F HC c(t)V I O YG HA HS HN HD P M BFA L HV EA H M C HC B LA TD F Z HO L B LD Y H Z WD H L@

c(T ) = max
{
S(T )−K, 0

}
.

� L@O HND E L HV W B L@ H Z WD H L@ Z\ A H ZS B I BO Y BA F Y FO \ E@ U LJ C ZS H W BF [F HC P (t)V I O YG HA HS HN HD P M BFA L HV EA H M C HC B LA TD F Z HO L B LD Y H Z WD [H L@

P (T ) = max
{
K − S(T ), 0

}
.R\ FAT H Z WD H LJ G HO O D Z\ A MJ ZD F @ LJ L@ HID L@ G HMJ U X@ P HMJ U

@ G AD M F W B L H U S(t)] ¡ Z WD H LJ D F Z HO L Y mA F Y M C HC B LA M S BC B LD T Z HW B L B K] ¤ HN I @ W B LJ c(t)D P (t) H Z WD H L HM G HO O D Z\ A F H HA M BA FA M B L L H\ I HMO BA M HS Y mA F H HA L Ho B LD m

c(t) +Ke−r(T−t) = P (t) + S(t).

, ¬] i -

a@ M B LFA M H , ¬] i - L@ PJ M @ BA F Y ' � $ �� � � � � H Z WD H L HM G HO O D Z\ A]

e i
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I O YO m XJ l t1

D t2]R HS A K BOT V F K HS CD S HM @ L LJ U M C HC B LA M S BC B LD t1

L@ PJ M @ BA F Y [� *Z $ ��" �= ) � M C HC B LA M S BC B LD t2 V BFO D BN H W B L@ Π(t2)D P M BFA L@ P@ S @ [L B BV A H BFAT Π(t2) S @ M L H L BG HA HS HC \ ED FO \ F M BS H YA L HFAT m 1 ZSDG @ c I HC t2] n FD O \ HA F\ A FA MD Y @ S XD A S @ c @ L@ S J LG B W B LJ Π
(
t1
)D

Π
(
t2
) X B P SD FG HM HN H Z HS A K BO Y M C HC B LA J M S BC B LD t1

D t2

F M Y P@ LJF H HA L Ho B LD BC

Π
(
t2
)

= er(t2−t1)Π
(
t1
)
.

, ¬] ® -

F � \� $ � _ó A H F HNO @ o B LD B ZS HI @AT D O D G \ ZD AT @ G AD M M H ZS B [I BO î B L L H B M S BC Y M X\ I\ q BC P@ H ZS B I BO î B L L\ m W B L\] í B L@ ϕV Z HG HA H [S H U X\ I BA F HM BS o B L@ Z HG \ ZG @D O D ZS HI @ c @ V L@ PJ M @ BA F YX � � � � ' � *�� � = " � � " � �= �D O D % � \� $ � � � �X � � � � � " � �= � > @ M S BC Y T Z HG \ ZGDD O D ZS HI @ cD L@ PJ M @ BA F Y = $ � �� � � � � & � �� "� � ' ��� � = " �^ �G AD M V L@G HA HS J U MJ ZD F @ L KT m E BS F V L@ PJ M @ BA F Y [�Z �= ) �]`T m E BS F P@ I @ î BA F Y M S BC B L BC τ V G HN I @ P@ G O m E@ BA F YG H LA S @ G A V M S B [C B L BC Z HFA @ M GD TD W B L H U Z HFA @ M GD ϕ = ϕ[τ,T ]7� � � KT m E BS F L HN HG H LA S @ G A @ F[τ,T ](t)V P@ G O m E � L L HN H M C HC B LAM S BC B LD τ F I L �C Z HFA @ M GD T M ZS HC B c \ A H E LJ U C HC B LA M S BC B LD tH ZS B I BO Y BA F Y G @ G S @ P L HFAT KT m E BS F LJ l W B LV H ZS B I BO � L LJ l M C H [C B LA J M S BC B LD tD τ F I L �C Z HFA @ M GD T V ZSD M B I � L L@ YG C HC B LA \M S BC B LD t Z H X B P SD FG HM H U ZS H W B LA L H U FA @ M G B r] n FO \ E@ BV G HN I @ X B [P SD FG HM @ Y ZS H W B LA L@ Y FA @ M G @ Z HFA H Y L L@ I @ L L H B H ZS B I BO B LD B C Hc BAXJ AT P@ ZD F @ L H M MD I BQ

F[τ,T ](t) =
(
ϕ[t,T ] − ϕ[τ,T ]

)
e−r(T−t).

, ¬] e -

n C HC B LA M S BC B LD τ V G HN I @ P@ G O m E@ BA F Y KT m E BS F LJ UG H LA S @ G A V W B L@KT m E BS F @ F[τ,T ](τ) = 0V @ M C HC B LA Z HFA @ M GD F[τ,T ](T ) = S(T )−ϕ[τ,T ]]R\ FAT I H I L Y Z HFA @ M GD KT m E BS F @ L B ZS B I Z HO @ N @ BA F Y LD Z HO \ E B [LD B I Hl HI @ HA @ G AD M @ V LD Z HO \ E B LD B ID MD I B L I HM] ¤ HN I @ KT m E BS F L@ YW B L@ ϕ[τ,T ]

S @ M L@ HcD I @ BC H U X\ I\ q B U W B L B @ G AD M @Q

ϕ[τ,T ] = S(τ)er(T−τ).

, ¬] ¬ -

R SD HA F\ A FA MD D MJ ZO @A Z H X@ P HM HC \ @ G AD M\ K HS C \ O @ , ¬] ¬ - Z H P [M HO Y BA \ ZS HFAD AT MJ S @ c B LD B , ¬] e - I O Y W B LJ F[τ,T ](t)

KT m E BS F @ MC HC B LA M S BC B LD tQ

F[τ,T ](t) = S(t)− ϕ[τ,T ]e
−r(T−t).

, ¬] h -

e ±

R SD C BS J

¦ G @ cD A B I HM BSD A BOT LJ UD LA BS M @O P L@ E B LD U

S(T ) E BS B P 1/2 N HI @ FL@ I î B c L HFAT m 0.95]ª¬ ¬®¯ ¬±° R H K HS C \ O B , e] ± - ZSD t = 0.5

lnS(T ) ∼ N(3.759, 0.142).p HM BSD A BOT LJ UD LA BS M @O P L@ E B LD U

S(T ) F L@ I î B c L HFAT m 0.95 L@l H [ID A F YD P F H HA L Ho B LD Y

P
{

lnS(T )−M(lnS(T ))| 6 1.96σ
}

= 0.95.R HI FA @ MO Y Y P L@ E B LD Y C @A BC @AD E BFG HN H HcD I @ LD YD F S B I B LG M @ I S @ [AD E L HN H HA G O H L B LD Y FO \ E@ U L H U M BO D ED LJ lnS(T )V Z HO \ ED C

3.759−1.96 ·0.14< lnS(T ) < 3.759+1.96 ·0.14D O D S(T ) ∈ [32.5, 56.6].§¨ R© ì¨ è < p B L B c LJ U Z HA HG Y

KD S C J VD P C BS Y BC J U M CD O O D H L@lI HO O @ S HM V \ I HMO BA M HS Y BA \ S @ M L B LD m

∆Y = 2∆t+ 3∆w.¢ @ G H U I HO c B L XJ AT L@ E@OT LJ U G @ ZD A @O KD S C J V EA H XJ F M BS H YA [L HFAT m 0.95G @ ZD A @O KD S C J L B HG @ P@O F Y HA SD W@A BOT LJ C 9 C BF Y W BMF Z\ FA Y]ª¬ ¬®¯ ¬±° j HNO @ F L HV , e] h -D , e] g - V G @ ZD A @O KD S C J Y (0.75) I BM YAT C B [F Y W BM F Z\ FA Y YMO Y BA F Y L HS C @OT L H S @ F ZS B I BO î B L L H U FO \ E@ U L H U M BO D [ED L H U F C @A BC @AD E BFGD C HcD I @ LD BC m = 2 ·0.75 +Y (0) = 1.5 +Y (0)D ID F Z BS FD B U σ2 = 9 · 0.75 = 6.75] R H\ FO HMD m P@ I @ ED M BS H YA L HFAT

P{Y (0.75) > 0} = 0.95] ¶ L@ ED A V

P

{
Y (0.75)−m

σ
> −m

σ

}
= 0.95.

jO \ E@ U L@ Y M BO D ED L@ Y (0.75)−m
σ ∼ N(0, 1)V Z Hó A HC \

P

{
Y (0.75)−m

σ
> −m

σ

}
= Φ

(m
σ

)
,

N I B Φ(x) _ L HS C @OT L@ Y K\ LG WD Y S @ F ZS B I BO B LD Y] kA @ G V Φ(m/σ) =
0.95] ¶ L@ E B LD Y K\ LG WD D Φ ZSD M B I B LJ M A @ XO D W B 1 M G H L W B S @ P I B [O @] R HA @ XO D W B L@l HID C V EA H m/σ = 1.645V A H BFAT 1.5 + Y (0) =
1.645

√
6.75D O D Y (0) = 2.7738] jO B I HM @A BOT L HV L@ E@OT LJ UG @ ZD A @OKD S C J I HO c B L XJ AT X HOT o BV E BC 2.7738 CD O O D H L HM I HO O @ S HM]

e ¬
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G6 H: RI 6 1< J8 ¨ © 6: KQ 6L MN Q P I RL ¨ 6O 7 ¨ ìë ì: ìQ RL

Φ(t) =
∫ t
−∞

1√
2π
e−x

2/2d x<

t Φ(t) t Φ(t) t Φ(t) t Φ(t)
0.0 0.500000 1.0 0.841345 2.0 0.977250 3.0 0.998650
0.1 0.539828 1.1 0.864334 2.1 0.982136 3.1 0.999032
0.2 0.579260 1.2 0.884930 2.2 0.986097 3.2 0.999313
0.3 0.617911 1.3 0.903200 2.3 0.989276 3.3 0.999517
0.4 0.655422 1.4 0.919243 2.4 0.991802 3.4 0.999663
0.5 0.691462 1.5 0.933193 2.5 0.993790 3.5 0.999767
0.6 0.725747 1.6 0.945201 2.6 0.995339 3.6 0.999841
0.7 0.758036 1.7 0.955435 2.7 0.996533 3.7 0.999892
0.8 0.788145 1.8 0.964070 2.8 0.997445 3.8 0.999928
0.9 0.815940 1.9 0.971283 2.9 0.998134 3.9 0.999952

 � '� � ( � � �� " � N �

â < ¤ BG \ q @ Y W B L@ @ G WD D S @ M L@ 50] ¶ @ G @ c I\ m B ID LD W\ M S BC B LD W B L@@ G WD D O D X H\ M BO D ED M @ BA F Y L@ 2 F M BS H YA L HFAT m 3/5V O D X H\ C B LT o @ [BA F Y L@ 2 F M BS H YA L HFAT m 2/5] jO \ E@ U L@ Y M BO D ED L@ S _ W B L@ @ G WD DE BS B P 4 B ID LD WJ M S BC B LD ] j HFA @ MT A BA @ XO D W\ S @ F ZS B I BO B LD Y FO \ E@ U [L H U M BO D ED LJ S]å < ¤ BG \ q @ Y W B L@ @ G WD D S @ M L@ 50] ¶ @ G @ c I\ m B ID LD W\ M S BC B LD W B [L@ @ G WD D O D X H\ M BO D ED M @ BA F Y M 1.04 S @ P@ F M BS H YA L HFAT m 3/5V O D X H\ C B LT o @ BA F Y M 1.06 S @ P@ F M BS H YA L HFAT m 2/5] jO \ E@ U L@ Y M BO D ED L@

S _ W B L@ @ G WD D E BS B P 4 B ID LD WJ M S BC B LD ] j HFA @ MT A BA @ XO D W\ S @ F [ZS B I BO B LD Y FO \ E@ U L H U M BO D ED LJ SD L@ U ID A B B î B L@D X HO B B M BS H YA L H BP L@ E B LD B]æ < R S B I Z HO HcD C V EA H FO \ E@ U LJ B M BO D ED LJ V1 V V2 V] ] ] V V6

L B P@ MD [FD C J D C HN\ A ZSD LD C @AT A HOT G H I M @ P L@ E B LD Y 1D −1] n BS H YA L HFAT

P{Vi = 1} = 1/2] j HFA @ MD AT A @ XO D W\ S @ F ZS B I BO B LD Y FO \ E@ U L H U M B [O D ED LJ X V S @ M L H U V1 + V2 + . . .+ V6]è < pM H B I S\ P B UD N S @ mA M HS O Y LG \] �A H M BS H YA L B BV LD ET Y Z HFO B E B [A J S î BP XS HFG HMD O D LD ET Y Z HFO B M HFT CD XS HFG HM @ã < jO \ E@ U LJ B M BO D ED LJ V1 V V2 V] ] ] V V8
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